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LNTllODUCTiOS, 



'I'he Report of the Matheinatical Board aiinnally i^alla the 
iittention of the Mathematical Students of this Univei-sity to 
the importance of the Examples appended to the hook-work 
questions in the Senate-House Examination Papers. The 
Board conceives that these Examples, or fiwfo's, to use the 
more familiar tenu, afford a searching test of the merits of the 
candidates, and ai'c peculiarly adapted to call forth an exliibition 
of style^ which it must be allowed indicates the mathematician 
far more than a mere knowledge of books ; and so high does it 
estimate their importance, that it has repeatedly recommended 
a diminution of the book-work questions in the Senate-House 
papers, m order to allow the admission of a larger number of 
Riders. 

"To obtain," it observes, "a surer test of the acquaintajice 
of the candidates with the subjects of their reading, examples 
and deductions have been attached to many of the propositions 
from books. The Board, however, having had before them an 
analysis of the answers to the questions proposed in 1846, 1847, 
1848, and 1849, find that the number of answers to the examples 
and deductions lias fallen below the amount which it is desirable 
to secure. They ai-e of opmion tliat such a result may in a 
great measure be prevented by diminishing the number of 
questions, and they have agreed to recommend, that the papere 
containing the questions from books be shortened, in order to 
enable the candidates to give more time to Examples and 
Deductions." — Heport of MatkemuHcal Board for 1849. 
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VI ISTRODirCIIO.V. 

Tlie Report for 1850, with the same object in view, recoin- 
niended a atill fiirther enrtailmeut of the papers. The Eeport 
of the present year, while it again draws attention to the defect 
complained of in the former ones, acquaints us with the opinion 
of the Moderators and Examiners, that the shortening of the 
papers has not had the desired effect. " It Is obvious," it goes 
on to state, " that the only remedy lies in the previous practice 
and exercise of those who are to be examined," and in the 
students then^elves " giving increased attention to the practical 
application of their reading. It is unnecessaiy to say anything 
in proof of the great impoiiance of this portion of a mathe- 
matical examinatiouj testing as it does very effectually the 
degree in which a student has really made himself master of 
the subjects which he profe^es to have read ; and it is almost 
equally unnecessary to state, that a corresponding weight is 
attributed to it by the Moderators and Examiners, in estimating 
the relative merits of Candidates for Honours." 

A few observations therefore on the principles of the solution 
of this class of questions, exemplified by tlie solution of those 
actually proposed in the Senate-House, will not, it is hoped, 
be altogether useless to those who may feel the want of direc- 
tion in a branch of their studies which forms so essential a 
preparation for the Examination for Honours. 

Eiders we define to be original questions arising either 
dii-ectly or indirectly out of the propositions to which they are 
appended. For distinctness' sake, we may divide them into the 
three following classes :— 

(1). The first and simplest kind are direct examples of a 
certain class of propositions ; such, for instance, as investigate 
general rules for the various operations in different subjects. 
Examples of this kind are merely particular appHcations of the 
general rule which the proposition establishes, and must be 
answered by rigidly following out the metliod investigated in 
the foregoing book-work. It cannot be too carrfully born(! in 
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TNTEODUCTTON. vii 

mind by the student, that the value of his solution of an example 
of this class is in exact proportion to the strictness with which 
it correaponda with the proposition. 

(2). Another kind consiats of those questions in which some 
fact or property enunciated in a theorem immediately preceding 
has to bo applied ; e.g. 

Prop. " If a quantity vaiy directly as [a) when [b) is invari- 
able, and inversely aa (J) when [a) is invai'iable, prove that it 

will vary as j- , when both (a) and (b) are variable. 

Ex. If 5 men and 7 boys can reap a field of com of 125 
acres in 15 days; in how many days will 10 men and 3 boys 
reap a field of com of 75 acres, each boy's work being -J- of 
a man's? (p. 24). 

Under this head must be placed also all direct applications 
oiJbrmv,l(B. The point to be kept in mind is, that any solution 
independent of the formula or of the property enunciated in the 
proposition, however elegant in itself, and however excellent 
a solution of the question regarded as a problem, is altogether 
valueless as a solution of the rider. 

(3). The third class consists of all those questiona which are 



I by the proposition to which they are appended, or 
arise out of some particular part of the book-work investigation. 
This kind partakes more of the prohlematical character than the 
two former ; but still we may in this case also apply the general 
observation, that the leading idea of the proposition or the 
method of its investigation should be the chief guide in the 
solution of the rider, and afford a pattern for its style. 

It has been the aim of the following pages to follow out as 
closely aa possible these principles. In all cases, the proposition 
baa been given to which the question solved ia a rider ; and 
in several, a few obaervations have been made upon the pro- 
position, which appeared necessary in order to connect it with 
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thf ([uestion appcndi-d.. At the end ot tin' liwik will lie touml 
a short collection of Examples for practiue.* 

We will conclude with a word of practical adviie to tlie 
student. Let him not consider any proposition, or pieic of 
book-work, to have been thoroughly mastered till he has dili- 
gently practised examples connected with it, ho as to be able, 
when called upon in an Examination, to apply it readily to any 
required purpose. In this way his knowledge of mathematics 
win become sound and practical, and the science itself wIU 
become interesting and attractive. To conunit to memory a 
number of theorems, and then to reproduce them in examination 
without the power of exemplifying their use, is a process no less 
dry than useless ; but he who makei himself. In the ti-ue sense 
of the word, familiar with them by an intelligent observation 
of their different uses and applications, and by acquu-iug a 
readiness in illustrating their utility, receives the full benefit 
from the wise system according to ivliich this University ap- 
points mathematics as the basis of her ti'aining— requiring of 
her members to study this branch of science, not so much for 
the purpose of acquiring the knowledge of it, as of disciplining 
their own minds by musterinf/ it. 

* It will be perceived that no Examples src' holyed under tlie heail of 
Astronomy i tlie leaeon being, tliat tMs Bubject, as trented m, the eailier part 
of the Examination, eonaiats almost entirely of populai expJimatioiis, and not 
of propositions whieli can be applied to Examples. 
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SOLUTIONS OF SENATE-HOUSE 'RIDERS.' 



EUCLID. 



1849, (A). Describe an equilateral triangle upon a given 
finite straight line. {Euc. i. 1.) 

(B). By a method similar to that used in this problem, 
describe on a given finite straight line an isosceles tri- 
angle, the sides of which shall be each equal to twice 
the base. 
Let AB (fig. l) be the given finite straight line. 
With centi's A and radius equal to 2AB describe a circle 
CDIT ; and with centre B and radiiis equal to 2AB describe 
a circle CEF. Let the circles intersect in C. Join AC, BC. 
Then AG, BC being radii of tlie two circles are each equal to 
2AB ; and thei'efore ABC is tlie triangle required. 

1850. [A]. The opposite sides and angles of parallelograms 
are equal to one another; and the diameter bisects them. 
{Euc. I. 34.) 

(B). If the opposite sides or the opposite angles of any 
quadinlateral figure be equal, or if its diagonals bisect one 
another, the quadrilateral is a parallelogram.* 
1848. ( G). If the two diameters be drawn, shew that a paral- 
lelogram will be divided into four equal parts. 

" This question must be considci'cd as belonging to the thiid class of 
'Eiders.' (See Introduction.) 



Hosted byGoogle 



•i SOLUTIONS OF SENATE-HOUSE 'RIDERS, 

Let ABCD be a quadrilateral. Join AC, BD (fig. 2). 

1. Let A"B = DC, and AD = BC. Since, then, m the two 
triangles ABD, CDB, two sides in one are equal to two sides in 
the other, each to each, and the third side BD is common to 
both, the triangles are equal, and tliereforc the angles, each to 
each. 

Therefore i ABD = i CDB] (AB || DC, 

and zADB = zCBDj ™™'=^ JaD |', BC. 
Hence ABCD is a parallelogram. 

2. Let iABC = lABC, and zBAD =. zBCD. 

The three angles of triangle ABD = two right-angles = tlirce 
angles of triangle CDB. 

But ZBAD-/.BCD; 

.-. zABD + zADB = zBDC + zDBC. 
Also zABD + zDBC - zBDC + zADB. 

Adding these equals, 
2iABD + zADB + zDBC - 2zBDC + zADB + zDBC. 
Taking away the common angles ADB, DBC, we get 
immediately 

zABD = iBDC, 
whence also zDBC = iBDA. 

Hence AB || DC, 

and AD || BC. 

And therefore ABCD is a paralleiogTam. 

3. Let AE = EC and DE = EB. 
Since also zAED - zCEB, 

therefore the triangles ADE, CBE are equal, and 

zADE = zCBE; 
whence AD || BO. 

Treating triangles AEB, CED in exactly the same manner 
as the triangles ADE, CBE, we obtain that 

AB II DC. 
Hence ABCD is a parallelogram. 
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yoUitiou of (6'}. By the latter part of {A) wu have 
iADC = ^parallelograni, 
= aDAB. 
But the triangle AED is common ; therefore 

aDEG = aBEA. 
By exactly similar reasoning, 

iAED = &CEB. 
Again, in the ti^ianglcs AEB, CED, two angles are cijual 
and AB = DC, therefore 

EB = ED. 
Therefore the triajigles BCE, ECD, Ijcing upon equal bases and 
between the same parallels,* are equal t« one another. 
Hence aECD = aBCE - aBEA = a AED. 

1851. (A). Triangles upon equal bases and between the same 
parallels are equal to one another, (i, 38.) 

(B). Let ABC, ABD be two eqnal triangles upon the 
same base AB, and on opposite sides of it: join CD 
meeting AB in E; shew that CE is eqnal to ED. 
Make zABD' = iABD and BD' = BD (fig. 8). Join CD', 
AD', ED'. By construction, 

aABD' = aABD, 

= aABC, by hypothesis. 
By applying tlie proposition as in Euclid i, 39 and 40, we 
obtain that D'C 11 AB. 

Hence, because triangles CEB, D'EB arc on the same base 
and between the same parallels, 
aCEB = aD'EB, 

= aDEB, by the construction of the figiu'e. 
Kow the triangles CEB, DEB being equal and between the 
same parallels, must be on equal bases. For if not, let CE=EF. 

• Sec Note, p. 5. 
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4 SOLUTIONS OF SENATE-HOUSE ' HIDEliS'. 

Then triangles CEB, FEB, being on equal bases and between 
the same pai-allels, are by (A) equal to one another, Henct 
aFEB = aDEB ; that is, the less equals the greater, which is 
absurd. Therefore CE = ED. 

1851. [A], In any right-angled triangle, the sqiiare described 
upon the aide subtending the right angle is equal to tlie 
squares described on the sides which contain the right 
angle, (i. 47.) 

(S). If ABC be a triangle whose angle A is a right 
angle, and BE, CF be drawn bisectmg Uie opposite sides 
respectively ; shew tliat four times the sum of the squares 
of BE and CF is equal to five times the square of BC, 

4BE' = 4 (AB" + AE') by {A) [fig. 4), 
4CF" = 4(AC''-I-AF"); 
.-. 4 (BE' + CF'^) = 4 {AB= + AC) + 4AE-' + 4AF", 

= 4BC" + AB" + AC, 

= iBC* + BC^ 

= 5BC'. 

1849. [A). Divide a given straight line into two parts, so 
that the rectangle contained by the whole and one of the 
parts shall be equal to the square of the other part, 
(n. 11.) 

[B). Shew that in Euclid's figure, foi\r other lines, 
beside the given line, are divided in tlie requii-ed 



It is at once manifest that CD (fig, 5) is divided in the 
required manner in K. 

Also in the investigation of [A] it is shewn that 
CF.FA = AB' = AC. 

Thus CF is so divided in A, aa is also therefore KG in the 
point II. 
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Moreover, since the trianglea BHL, BAE, are siiiiikr, 
BE, BA are divided, similarly in the points L, K.* 

Hence the lines CF, KG, CD, EB are divided in the same 
manner aa the line AB. 

1850. (-4). Describe a square which shall be equal to a given 
rectangle, (ii. 14.) 

[B). Given a square, and one side of a rectangif! which 
is equal to the square ; find the other aide. 
K, in {A), AC (fig. 6) be the given rectangle, the proof of 
the proposition involves this construction. Produce AB to D, 
making BD = BC. On AD describe semi-circle AHD. Pro- 
duce CB to H. It is then proved that 

square on EII — rectangle AC. 
We thus have suggested the following solution of {B) : 

Let AB be the given side of the rectangle : draw BII at 
right angles to AB, equal to a side of the given square. Join 
AH ; make l AHE = l EAH ; and with centre E and radius 
EA or EH describe the cii-cle AHD. Then, 
'.' AD is bisected In E, 
rect. of AB, BD + sq. on EB = sq. on ED 
= sq, on EH 

= sq. on EB + sq. on BH, 
and .-. rect. of AB, BD = sq. on BH, 
i. c. = given square. 

Hence BD is the other aide required. 

1848. (A). Equal straight lines in a circle ai'e equally distant 

from the centre ; and, converaelyj those which are equally 

dktant from the centre are equal to one another, (iii. 14.) 

{B). Shew that all equal straight lines in a circle will 

be touched by another circle. 

* In cases like the above it is not unallowable fo nssume tte result of a well- 
known properly, wliicli iu EiicHd is proycd subsequent fo the proposition undec 
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The p 1 s t o t 1 that tl e pe -pe d il -^ 3 e 

entre o ir le on all eq al tri ^ht Is the e a e 

equal to one auo her The el o a le may 1 e de r ed 
througl the extie es of 11 th e perje d a laving 3 

ce e a le ntie ot e given c le and em e ea h he 
eq 1 B ra ^ht 1 nes tl d n vn hi ugh th e t mi y f i 
di eter at g „! h g u 

seco I cir le 

1848 ( 4) The a gle it he en c ot a u le a do b e ot 
tl e a g e a 1 ximfe en j n the la ne ba e ha 

po 1 same I t of the uc niter n e ( } 

(fi). It two straight hnea AEB, OLD, m a cncle, 
intersect in E, the angles subtended by AC and BD at 
the eentre are together double of the angle AEC. 
Join BO [fig. 7). 

Then, angle subtended by AC at the centre 
= zAOC, 
-2zABC,by (^). 
The angle subtended by BD at the centre 
= iBOD, 
- 2iBCD. 
Therefore /_AOC + iBOD = 2zEBC + 2ZECB, 
= 2ZAEC. 

1851. (A). The opposite angles of any quadrilateral figure 
inscribed in a circle are together equal to two right 
angles, (iii. 22.) 

(S), If a polygon of an even number of aides be 

inacribed in a circle, the aum of the alternate anglea, 

together wi^ two right angles, is equal to as many right 

angles as the figure haa sidea. 

If the polygon is a quadrilateral, we have immediately 

from [A], 

sum of alternate anglea + 2 right anglea = 4 right angles. 
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If the polygon have six or more sides, from aaiy anguiai' 
point A draw lines A,A^, A.A^^ (iig. 8) to the third angular 
point on each side of A„ cutting off ^adrUaUrah?' Since the 
number of remaining sides between A^, A^ is even, a certain 
number of quadrilaterals may be formed by joining every second 
angular point from A^ with A,. 

All these quadrilaterals are inscribed in tlie circle; hence, 
by the proposition, 

L A,AjA, + L A,A,Aj = 2 right angles, 

L AjA^Aj + L A„A^A, = 2 right angles, 

L A,A^A, + L A,A^A, = 2 right angles, 

L AjAjAg + i A^Aj^A, = y right angles. 
Adding, 

sum of alternate angles A^, A^, A^, &c, = twice as many right 
angles as there are quadrilaterals 

= 2 (»■ — l) right angles, 
if 2j' is the number of sides of the polygon ; 

.■. Slim of alternate angles + 2 right angles = 2?- right angles 
= as many right angles as there are sides. 

1850. {A]. In a circle, the angle in a semicircle is a right 
angle, (iii. 31.) 

(B). The greatest rectangle that can be inscribed in 
a circle is a square. 

Here (5) is a direct application of the fact asserted in [A). 

Let ABCD (iig. 9) be any rectangle inscribed in a circle. 
Join AG. By the proposition, ■.■ zABC is a right angle, 
ABC is a semicircle. 

Draw BE perpendiculai' to AC, and take F the centre. 

« If tho polyKon has sis side?, tln! lints A^A„ A^A„ n'il! coincidt\ 
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Then rectangle ABCD - 2 triangle ABC 

= rectangle on base AC, and between 

same parallels as the triangle ABC 
= AC.BE. 
Now AC, being the diameter of the circle, is constant; 
therefore the area of the rectangle is proportional to BE, and 
is greatest when BE is greatest, i. e. when it coincides with GF. 
Hence the greatest rectangle inscribed in the circle is 
AGCH, which is evidently a square. 



1850. [A). Cut off a segment from a given circle which shall 
contain an angle equal to a given rectilineal angle. 

{B). Divide a circle into two segments, such that the 
angle in one of them shall be five times the angle in 
the other. 

We may consider [A) as a direct application of tlie pro- 
position that, " if from a point in a circle two lines he drawn, 
one touching and the other cutting the circle, the angle between 
them is equal to the angle in the alternate segment of the 
circle." {B) may be regarded as a direct application of the 
same proposition to a slightly different problem. 

Draw AB touching the circle (fig. 10), Take any point B 
in the tangent; and on AB describe an equilateral triangle 
ABC. Bisect the angle BAG by the line AD. 



iDAB = JiCAB. 
zCAB = J of 'i right angles ; 
. i.DAB = J of 2 right angles ; 
. ZDAG = -^ of 2 right angles : 
zDAG = 5zDAB. 
zDAG = z in segment AFD, 
ZDAB = z in segment AED; 
.■- Z in segment AFD - 5 z in segment AED. 
Ilcncc the circle is divided as required by the line AD. 



Then 
But 



whence 
But 
and 
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1851. [A). Inscribe an eqnilateriil and equiaiigukv qnindc- 

cagon in a given circle, (iv, 16.} 

[B). In a given circle inscribe a triangle, whose angles 

are as the numbers 2, 5, and 8. 
Let AjA^ ... A,j be an equilateral and equiangular qmn- 
decagon inscribed in tlie given circle. Draw^ the Hnes A,Aj, 
AjA^, AjA„ cutting off arcs which are to one another as 2, 5, 8. 
The angles AjA^Aj, AjA^A^^, A^A^A,, which stand upon these 
arcs, will also be in this ratio ; and tlierefore AjA^Aj, will 
be the triangle required. 

1850. (A). Describe an isosceles triangle, having each of the 
angles at the base double of the third angle, (iv. 10.) 

{£), Shew that the base of the triangle is equal to 
the aide of a regular pentagon inscribed in the smaller 
circle of tlie figure. 
In the investigation of (A) it is shewn that BD = DC 

(%• ")■ 

If O is the centre of the small circle, 
lCOT> = 2 lGAD. 
But by [A), the angles ABD, ADB arc each double of BAD ; 
therefore the sum of these 3 angles, or 2 right angles, 
=5ZBAD; 
.-. Z.BAD = i(2 right angles), 
and ^COD = 2 zBAD 

^iClriglit angles). 
Hence CD, to which BD is equal, is the side of a regular 
1 inscribed in the circle ACD. 



[A). If the angle of a triangle be divided into two 
equal angles by a straight line, which also cuts the base, 
the segments of the base have the same ratio which the 
other sides of the triangle have to one another, (vi. 3.) 
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{B). If A, B, C, be three points in a straight line, 
and D a point at which AB and BC subtend equal 
angles, shew tliat the locus of the point D is a circle. 
Produce AB to a point O, such that OB - OD* (fig. 12). 
Then zODB = ^OBD 

= iOAD + zADB 
= zOAD + zCDB; 
.-. zODC = zOAD. 
Also the angle AOD is common to the two triangles OCD, 
ODA. Hence these triangles are similar; 

.■• OU ; OC : : AD ; DC : : AB ; BC by tlie proposition ; 
or, since OD = OB, 

OB : OC : : AB : BC ; 
which shews that is a fixed point. 

Hence the locus of D is a circle whose centi-e is O. 

1849. [A). The sides about the eqtial angles of equiangular 
triangles are propoiMionals, and those sides which are 
opposite to the equal angles are homologous. (vi. 4.) 

{B). Apply this proposition to prove that the rectangle 
contained by the segments of any chord passing through 
a given point within a circle is constant. 
Let AB, CD (fig. 13) be any two chords of a circle inter- 
secting m 0. Join BC, AD. 

Since the angles in the same segment of a circle arc equal, 

£ABG = zADC, and zBOD = zBAD. 
llence the triangles BOO, DOA are equiangular. Therefore 
by (-^), A0:D0::0C:0B. 

Therefore rect. of AO, OB = rcct. of DO, OC. 

* From tho middle point of BD draw a line at rigbt angles to it, cutting 
AB produced in O. 
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1850. [A). Find a third proportional to two given straight 
lines, (yi. 11.) 

(B). AB ia a diameter, and P any point in the cir- 
cumference of a circle ; AP and BP are joined and pro- 
duced if necessary : if from any point C of AB a per- 
pendicular be drawn to AB, meeting AP and BP in 
points D and E respectively, and the circumference of 
the circle In a point F, shew that CD is a tlilrd propor- 
tional to CE and CF.* 
Draw PM perpendicular to AB, (fig. 14). From similar tn- 
angles CEB, MPB, 

CE:MP:; CB:MB; 
and from similar ti'iangles CDA, MPA, 

CD : MP : : AC : AM. 
Compounding these ratios, 

CE.CD ; MP^ : AC.CB : AM.MB. 
But AM.MB = MP', (in. 35) ; 

.-. CE.CD = AO.CB 
= CF^, 
or CE : CF ; : CF t CD. 

1851. (-4), If two straight lines be parallel, and one of them 
be at right angles to a plane, the other is at light angles 
to the same jdane. [Xi. 8.) 

{£). From a point E draw EC, ED pei-peudicular to 

two planes CAB, DAB, which intersect in AB, and fi'om 

D di-aw DF perpendicular to the plane CAB, meeting it 

in F; shew that the line joining tlie points C and F, 

produced if necessarj-, is perpendicular to AB. 

Since EC, DF are perpendicular to the same plane, they 

are parallel (xi. 6), and therefore the points E, C, D, F, lie in 

one plane. 

• This can only be considered as one of tka third class of riilers. 
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Let 01', or CF produced, meet AB in G. Draw GH parallel 
to EC or DF. Then, by {A), GrH is at right angles to the 
plane CAB ; and therefore Z AGH is a right angle. Similarly, 
a line Gil' drawn paiallel to ED will lie in the plane of ECD, 
and will be at right angles to the plane DAB. Therefore 
L AGH' is a right angle. Hence AB will be at right angles 
to the plane in which GH, GH' lie, (xi. 4), and therefore at 
right angles witli the line CFG, which also lies In that plane. 

1849. {A). Draw a straight line perpendicular to a plane 
from a given point without it. (xi. 11.) 

(B). Prove that equal right lines drawn from a given 
point to a given plane are equally inclined to the plane. 

Let P be the given point ; PA, PA', two equal straight lines 
drawn from P to meet the plane. As in [A) draw a perpen- 
dictdar PN to the plane. Join NA, NA'. 

By the definition of a perpendicular to a plane, PN makes 
right angles with every line in the plane drawn from N, and 
therefore with NA, NA'. Hence in tlie right-angled triangles 
PAN, PAN, PA = PA', and PN is common ; 
therefore NA = NA', (i. 47), 

and the triangles are equal. 

Hence zPAN = ^PA'N, 

or the lines PA, PA' are equally inclined to the plane. 
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GEOMETSICAL CONIC SECTIONS. 

1848. [A). Assuming the tangent at any point J* of a parabola 
to make equal angles with the focal distance SP and the 
diameter at that point, prove that iSY, the perpendicular 
upon it from the focus, meets it in the tangent at the 
vertex. 

(B). If PJlfbe the oi-dinate at-P, and Tthe intersection 
of the tangent at P with the axis, TP.TY = TM.T8. 
Since, hy [A), SYT (fig. 15) is a right angle, the triangles 
STTjPTM are similar. 

Hence TY: TS :: TM : TF, 

therefore TP.TY = TM.TS. 

Or thus: 

Since SYP, SMP are right augkis, a circle can be described 
about SYPM. Therefore 

TP.TY = TM.TS. 

1851. {A). Assuming that the sum of the focal distances of 
a point in the ellipse is equal to a given line, shew that 
the axis-major is equal to the same line. 

[B). Shew that the axis-major is greater than any 
other diameter. 
Let POP' (fig. 16) be any diameter. Join P and P with 
the foci. 

Then, since two sides of a triangle are greater tlian the third, 
SF-v 8F>PF, 
and ffF+HP>FF'; 

.: SP + IIP + SP' + IIP > 2FF'. 
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14 KOLUTIONS OF SENATE-IIOUHE ' UIDEB8'. 

But, by [A), SP+HP= SP' + HP' 

Therefore ^AA! > 'iPP , 

and therefore AA > PP. 

1848, {A). If one of the focal distances BP of a point P be 
produced to i, a straight line PT which bisects the ex- 
terior angle SPL is the tangent to tlie ciirve at P. 

{P). For what position of P is tlie angle 5P/r greatest ? 
By {A), (fig. 17), 

/.8PH+ 2lSPT= 2 right angles. 
Therefore l8PH\& greatest when l8PT{% least. 

Now as P moves from A to B, lSPT decreaaca from a i-ight 
angle to 8Bt (where Bt |j CT) ; and as P moves from B to A', 
z /Spy increases from SBt to a right angle. 

Thus z 8PT is least, and thei-cfore L 8PB: is greatest, when P 
is at B. 

1851. (A). In the eUipse if PU he a tangent at P, meeting 
tlie minor axis produced in U, and PJV" be drawn perpen- 
dicular to the minor axis, then 

GN:GB::OB: GU. 
(B). If a series of ellipses be described having the same 
major axis, the tangents at the extremities of their latera- 
recta will all meet the minor axis in the same point. 
Let 8L (fig. 18) he the seml-latiis-rectum of one of the 
ellipses, U the point where the tangent at L meets the minor 
axis. By [A), 

GU: CB:: CB : 8L. 

But GB: SL:: GA : CB; 

therefore GU: GB :: GA : GB, 

and therefore CU^ GA, 

which is constant, since all the ellipses have the same iniijar 
axis. 
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1850. [A). The perpendiculars from tlie foci on the tangent 
of an ellipse intellect the tangent in the circumference 
of a circle having tlie axis-major as diameter. 

(Ji.) Employ this proposition to find the locus of the 
intersection of a pair of tangents at right angles to each 
other. 
1849. (G). Deduce from tlie proposition an analogous one 
for the parabola. 
[B). Let SYj HZ (fig. 19) be the perpendiculars from the foci 
on the tangents ; F, Z being by {A) points in circumference of 
the circle whose diameter is AA'. 

If we produce YC to Z^, and join SZ^, we obtain from the 
triangles C8T, GHZ^ that HZ^ = SY, that HZ^ is in the same 
straight line with ZH^ and therefore tliat 

8Y.HZ= Z,H.HZ= A-H.SA = BC. 
Let the tangent at P meet the tangent which is at right 
angles to it in Q, which latter tangent suppose intersects the 
circle in T, Z. Join ST, HZ. 

By {A), SY\ HZ' ai-e perpendicular to QZ'; and therefore 

QY'=8Y, QZ = HZ. 
Hence, drawing QKK' through the centre C, 
QK.QK'= QY'.QZ 
= 8Y.HZ 
= BG\ 
Therefore the distance of Q from G is constant, and the locns 
of § is a circle whose centre is G. 

[G). The ellipse will become a parabola if moves off 
to an infinite distance, while the vertex A and the focus 
H remain fixed. For, If G and therefore 8 move oiF to 
an infinite distance, P8 will become parallel to A' A. 
Hence the tangent ZPY, which always makes equal 
angles with HP and PS, wlU in this case make equal 
angles with HP and a line through P parallel to A' A ; 
and the curve will therefore be a parabola. 
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16 SOLUTIONS OF SENATE-HOUSE ' IlIDEES.' 

Now tlic locus of Z in the ellipse la a circle whose diameter 
is AA\ and when G moves off to an infinite distance, the 
radius of this circle becomes infinite, and the cirele coincides 
with its tangent at the point A. 

Consequently, in the parabola, the locus of the intersection 
of the tangent with the perpendicular upon it from the focus is 
the tangent at the vertex. 

1848. [A). In an ellipse the siun of the squares of any two 
conjugate diameters is invariable. 

(j9). When is the square of their sum least? 
{ OP + QBf =GF'+CU''+2 CP. CD, {iig. 20) 
^ AG' + BC + 2CP.CB, hy(A]. 
Therefore {GP+ GDf will be least when GRCB is least. 
But CB.PF^AG.BC; 

, CP 

therefore GP. CD is least when ^ is least ; I e. when PF = CP, 

or when CP, CB are at right angles. Hence [GP ^ CDf is 
least when GP, GD coincide with CA, CB. 

1848. [A). Prove that all parallelograms whose sides touch 
an ellipse at the ends of conjugate diameters are equal, 

[B). Prove that such parallelograms have the least 
area of all which circumscribe tlie ellipse. 
Let T^T^TJ"^ (fig. 31) be a parallelogram circumscribing an 
ellipse at the extremities of conjugate diameters GP, GD ; t^t^t^t^ 
another parallelogram circumscribing the ellipse. 
Draw PjF perpendicular to DGU. 
Then area of T^T^T^T^ = 2PF.BD', 
area of t^t,J,^t^ = 2PF.dd'. 
Now DD' is tlie least possible value of dd' ; therefore area of 
^'/3*4 '^^ iilways greater than tliat of T^T^T.^1\. 
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But by (A), in whatever position the conjugate diameters 
CP, OB are drawn, the area T,T^T^T^ is constant. Con- 
sequently of the ai-eae of all parallelograms circumscrihing the 
ellipse, this constant area is the least. 

1850, (-4], In the hyperbola the rectangle under the lines 
intercepted between the centre and the intereectiona of 
the axis with the ordinate and tangent respectively, ia 
equal to the square of the semi-axis major. 
{ON.CT^AC). 
(B). Through N draw NQ, parallel to AP, to meet 
CPm Q; prove that ^ ^ is parallel to the tangent at F. 
Since CW. OT=A 0% [fig. 22) ; 

.-. AG:CN:: OT: AC. 
Now, since NQ is parallel to AF, 

CFt GQ:: CA : CN, 
:: GT: GA; 
therefore AQ h parallel to TF. 

1849. [A]. Prove that the area of tlic triangle contained by 
the tangent and tlie asymptotes is constant. 

(B). If SVs, 2^Vt be two tangents cutting one asymp- 
tote in the points S, T, and the other in s, i ; prove that 
V8: Vs:: Vt: VT. 
The proposition gives us 

ASGs = &TGt^ (fig. 23). 
Take away the common pait SGTV; 
therefore aSVT ^ ^iVS, 

and ATV8=^iSVt; 

therefore, by Euc. vi. 15, 

VS: Vsr. Vt: VT. 
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j49. [A). The section of a right cone by a plane parallel 
to a line in its surface, and pei-pendicular to the plane 
containing that line and the axis, is a parabola. 

(B). The foci of all parabolic sections which can be eut 
from a given right eone lie upon the surface of anotlier 
cone. 
In the investigation of (.4) we obtain 

PN-- '^■^" 

Sec Goodwin's Course, Conies, Parabola, prop, x. 
This shews that the latiis-rcctmn of the parabolic section 
. . c- ^^' 



-^ AB 

Tliis proves that for all sections parallel to MAP, AS is pro- 
portional to AB; and therefore B8 must be a fixed line. 

Similarly, the foci of all sections parallel to other lines in 
the surface of the cone beside BC lie'm lines through B inclined 
at a constant angle to the axis of the cone. Therefore all tliesc 
foci lie on the surface of a cone. 

1851. (A). If a right cone be cut by a plane which meets 
the cone on both sides of the veiiex, the section is a 
hj-perbola. 

(B). Shew how to cut from a given cone a hyperbola 
whose asymptotes sliall contain the greatest possible 
angle. 
In the investigation of (A), in order to shew that tJie section 
PAB (fig. 25) is an hyperbola, we prove tliat 
AN-NM: Py-' : : BF' : FIB, 
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OEOMETPICAL COSIC SECTIONS. 19 

whieli is the property of an hyperbola, the niiijor axis of which 
is AM, and the minor axis is to AM as FH : BF. (Goodwin's 
Course, Conic Sections, Hyperhola, prop, xii.) 

Hence the ratio FH: BF is the tangent of the semi-angle 
between the asymptotes* But the same ratio is the tangent 
of the angle FBIL 

Therefore the angle between the asymptotes = lGBII. 

Now L GBH is greatest when it equals the vertical angle of 
the cone ; that is, when BF is perpendicular to BE. 

Hence the angle between the asymptotes will be greatest 
when the cutting plane FAR is parallel to the axis of the 
cone, and that angle will be equal to the vertical angle of the 



1851. [A). In the parabola, at any poi]it P, the chord of cur- 
vature parallel to the axis and that through the focus are 
severally equal to iSP. 

[B). If the circle of curvature at the point P mtersect 
the parabola in another point R, and RQ, di-awn parallel 
to tlie axis, meet the circle m Q, shew that PQ is the 
chord of curvature through the focus. 

Draw Pl'(iig. 26), the tangent to the pai-ahola or the circle 
of curvature, meeting RQ produced in T. Then 

TQ. TR = TF^ by property of the circle, 

TP^ = iSP.TIt by property of the parabola. 

.-. TQ.TB =^ iSP.TP, 

.-. TQ^iSP. 

From this it follows that PQ = TQ. For if not, make z TPQ' 

= lQTP. Then PQ' will pass through the focus, and by (A) 

its length will = i8P= TQ. 



> Sec Goodwin, na above, prop, til, whcro it is pro-v-cd th!i,t the aaymp- 
s ara tliG diagonals of a roctimgk whose ssiilus are tliii major and ii!in-;.r 
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But pq = rv, 

therefore TQ = TQ^ 

■which is impOBsiblc unless $' coincide with Q. 
Hence PQ = QT, 

.-. lQPT=lQTP, 
which shews that PQ passes through the focns.* 

1850. [A). Find the diameter of curvature at aoy point of 
an ellipse. 

(J5), If an ellipse, a parabola, and a hyperbola have 
a common tangent and the same curvature at tlie vertex, 
the ellipse will lie entirely within the parabola, and the 
parabola entirely within the hyperbola. 

■ PF- 

Hence at J. =2-^-^. 

AC 

Let 5" (fig. 27) be the focus of tlie parabola, ACM, BC the 
raaj or and minor axes of the ellipse ; A CM', B' C similar lines 
for the hyperbola. 

Now, diameter of curvature at A in parabola = iAS, 
and hyperbola = 2 -■■ , j^, - ; 

AC 

In the parabola we have, if NPPP' be a common ordinate, 
PN' = iAS .AN; 

m the ellipse, FN" = —^ .AN.NM 

2AS .,. „,^ 
AC ' 

* The Author is indebted for this solution to tlie kindness of Mr. Gaskin. 
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(;EOMETRICAL CONIC SECTIONS. 
1 the, hj-perbok, P'UV" - ^^^ .AN.NM' 

^^^ A AT- Ar»r' 



2AC> Nil, 

. '^.AN.NM<IAS.AN, 
AC 

PN < FN. 

lAC <NM\ 

. ^,.AN.NM->iAS.AN, 
AO 



Hence tlio ellipse lies wholly within the pai-ahola, and the 
parabola wholly within the hyperbola. 
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A[,GEBRA. 

i851- [-^), Prove the rule for iiiiiiiDg the greatest common 
measure of two quantities. 

{B). Shew that the greatest common measm-e of the 
two numbers is equal to the greatest common measm^e 
of any divisor made use of in tlie process and the cor- 
responding dividend. 
Let the usual process for finding G.c. M. of a and b, be pur- 
sued, 0|, O5, Cgj... being the successive remainders, ^',, l\, p^, .-- 
the suceessive quotients. One step in the process will be 

■■■ '^r-,-i'm^, = A«7 and Gr.,=Fr^A'^G,^,^ 
from which it follows that 0,^., contains tho whole system of 
factoid common to (?„, and (7^, and that (7,^, contains all those 
common to C^ and C,^j. 

Hence, g.c.m. of 
C,, and 0,+, = O.C.M. of (7,^, and 0^ 

= (by the same reasoning), a. CM. of C,,^ and C\_^ 
= O.C.M, of C,.3 and (7,^, 

&c, 
= Q.C.M. of M and h. 

1850. (A). Shew how to find tlic least whole number which 
is accurately divisible by each of two given whole num- 
bers. 
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[B]. Find the least number of ounces of standard 
gold that can be coined into an exiwit number of half- 
sovereigns; standard gold being coined at the rate of 
£3 17s. 10^<;. to an ounce. 
In (A), if «, Zt be the two given numbei's, d their greatest 
common divisor, the number required, i.e. their least common 

multiple, = -T ■ 

In (B), if we find the number of shillings in the value of an 
ounce of gold and in lialt-a-sovereign, the least common mi\ltiple 
of these number divided by the number of shillings in the value 
of an omice will give the least number of ounces that can be 
coined into an exact number of half-sovereigns. 

Now £3 17s. 104(7. = 77s. lOld. = lis. 10-5(7. 
= 77 l^s. = 77-875S., 

and we have to find the least common multiple of 10 and 77'875, 
By {A), the least common multiple of 10000 and 77875 is 
10000 X 77875 
their G. c. m. 
But 10000 = 2*.5', 
and 77875 = 5'.623 ; 
therefore theii- G. C. M. = 5', 
and their least common multiple = — " ■ ■■ — , 

= 6230000. 
Hence the least common multiple of 10 and 77-875 is 6230, and 
6230 



the number required = 



77-875 



1848. [A). Prove tlie rules for finding the greatest common 
measure and least common multiple of two integers. 

[B). Find the least numbc]- of pounds which can he 
paid in cithev half-crowns oi- guineas. 
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Here (B) ia an example of finding the least common multiple 
of three numbers. 

Eedwcing pounds, half-crowns, and guineas to sixpences, wc 
have to find the least common multiple of 40, 5, and 42. 

Now L. C. M. of 5 and 42 = 5 X 43 = 210, and l, C, M. of 40, 
5, and 42 = l. C. M. of 40 and 210 

= ^0 X 210 

o.c. M. of 40 and 210 ' 
40 X 210 



40 

1850. (A). If a quantity vary directly as a when b is invari- 
able, and inversely as b when a is invariable ; prove that 

it will vary as y- when both a and h are variable. 

(B). If 5 men and 7 boys can reap a field of com of 
125 acres in 15 days, in how many days will 10 men and 
3 boys reap a field of corn of 75 acres, each boy's work 
being J of a man's ? 

Since each boy's work is ^ of a man's, therefore 5 men and 
7 boys are equivalent to (5 + 1) men, or ^^ men ; and 10 men 
and 3 boys are equivalent to (10 + 1) men, or 11 men. 

Again, since a given niimber of men will do more work in 
proportion as the time is increased ; and a given piece of work 
will require more men to do it in propoi-tion as the time allowed 
them is diminished ; therefore 

days cc acres, men given, 

days en —— , acres given : 
•^ men' ° ' 

aci-es J . , 

wiiere men and. acres both vary. 
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But the question gives that when the days — 15 and acres 
= 125, the men = ^; and wc have to find the days when 
acres = 75 and men = 11. 

75 
days required _ 11 _ 2'2 x 75 _ 2 



Therefore days required = 6. 

1848. (-4). li A<x B when C is constant, and Ax C when B 

is constant ; prove that A cc BO, when B and C both vary. 

[B]. Given that the area of an ellipse varies as eitlier 

axis when the otliei is constant, and that the area of a 

circle of ladmi unity = '' 14 .., find the area of the ellipse 

whose axes ire 3 and 5 

Let «, h be the semi-axci of the ellipse. Then, if ^ be the 

area oi the ellipse, 

A tx. a. b constant, 



ircle whose 



arith- 
metical progression. 

{B). The squai-e of the arithmetic mean of two quan- 
tities is equal to the arithmetic mean of the arithmetic and 
geometric means of the squares of the sHine two quantities. 



and 


A X b, a constant. 


therefore, by (^), 


A xab, a, b, both variable, 




= p.ab, suppose. 


Let a = ^ = 1 I 


; then A becomes the area of a t 


radius is unity ; 






.-. a-14... ^p; 




.: A = (3-U...]«fi. 


Now 


■a = i, h^f,. 


Therefore 


A = (3-U...) '5^ 




= 11-77... 


1851. {A). Find the sum of a scries of quantiti 
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We tiiid from [A), if a be iii'st term of tlie aeiies, c the last, 
and n number of terms, 

sum = ln{a + c). 
Let there be three terms a, b, o of the progression. Then 

, ffl + C 



there 


fore 




^ = i( 


<c + c) 


.-. ff' 


= i(«' 


+ c' 


+ 2ac), 






= *(- 


' + c 
2 


- + V«' 


.-), 



= arithmetic mean between — - — , it/uV, i.e. between tiie 
arithnietic and geometric means of <e^, c". 

1S50. {A). Find the sum of a aeries of quantities in geometri- 
cal progression. 

{B). Apply the result to find a common fraction equi- 
valent to a recurring decimal fraction. 

(G). If a be the first and I the last of a series of n 
quantities in geometrieal progression, prove that the con- 
tinued product of the terms of tlie series is (al)^". 

(B). Let -PPP... be the recurring decimal, where P, tlic 
recumng part, contains^ digits. The decimal may be written 

Now we have from (A), if a be the first temi, and r the common 
ratio of the scries, 

sum of n tei-ms = a , 

and if n is indefinitely great and *■ < 1, 

the sum becomes . 
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Hence wc have 

10" 

[C). Tlic series may be written in the two following ways: 

rt, ar, ar', nr'"', 

J I I I 

and i, - , ^ J -iPi . 

Miiltiplyiiig all tkese 2m t«rms into one anotlier, the result is 

[cd] . (al) . (al) ton tei-ma 

= {air- 
Hence tlic product of the n terms of the series, 
= square root of the above result, 
- (a!)'". 

1848. [A). Find the sum to n terms of a geometric series. 
What is meant by the sum of an infinite series ? 

(B). If P be the sum of the series formed by taking the 
1" and every p"' term of an infinite geometric series whose 
first term is 1, and whose common ratio is < 1, Q the sum 
of the aeries formed by taking the 1=' and eveiy q"' tcrai ; 
prove that 

If J- be the common ratio of an infinite geometric serioR, then, 
provided r <l, the series has a sum = - — ~ , 

Hence, by the conditions of (5), ;■ being the common ratio 
of the series there mentioned, 

P= I + r" + /" + in inf. 
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Q=l+r^ + r'^+ in inf. 

- 1 

- r^' 
p- 1 

tlierefore -/^ = — -„ , 

_ Q~l 

whence ,y - = j'^ = — „^ , 

or I^.{Q-lY=Q':[P-\y. 

1851, {A). In every geometrical series continued to infinity, 
each term bears a constant ratio to the sum of all that 
follow. 

[B). Find a series in winch each term is n times the 
sum of all that follow it. 
From [A) we obtain that, if )■ be the common ratio, any 
term : sura of all that follow = I. 

In [B) we have to find r when the ratio of any term to the 
sum of all the succeeding terms = n, or 



Therefore tlie series required is 



where n may have any value we please, 
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1849. (A). Sum the sei-ies 1" + 2' + 3' + + w". 

{B). Prove that when n is iDdefinitely increased, the 

1'' -\- ^ + ... n' 1 ... 

fraction ;«-— — approaches to aa its limit. 

Let l''+2''+S^+... + n''=^A^n+A^n'+...+Afn''+A^^y^' + ..., 
.: F + 2'' + 3^4 ...+n''+{n+l) = A^(n + l)+A^{n + lf+... 

... + A,(n+iy + ^^^,(rt+ l)'*^ + 

Subtracting : 

{n + iy ^ A^{{n+l)-n} + A^{{n+ir-n'] + 

+ A^J{n + lY»-7r'] + 

= A^ + A^[2n+l) + ...+A^,{{^ + i).n^ + ...] + ... 
Equating coefficients of w and its powers : 

1 = A^ + A.^+ + -4p+, + 

p=^2A^ + SA^+ 

&e 

l={J>+l).A^,,+{p+2).^^.A^,^+ 

= (^ + 2) .A^^ + 

&c 

These equations will manifestly be satisfied by supposing 

^j'tai -^?+a) '^*'' ■" ^"''^^ — **• 
Hence 1 = (^1 + 1)^^+,; 

■■■ A„=^- 

We then have 

i!+i^,.::;±i' = ^ + ^ + ... + ^' +A„, 

and therefore limit ( — — i+f- ) = A+n 

I 
~p+l' 
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30 SOLUTIONS or senate-house 'iuderk'. 

1849. (A). Find tlie number of combinations of n tbings 
taken )■ together. 

(B). Tbcre are n points in a pLauo, no three of wiiich 

are in the same straight hne, witii the exception of j^t 

which are in the same straight hne; tmd the nnmber of 

lines which result from joining them. 

K no three of the points were in the same straight line, the 

number of lines formed by joining tlicm would be the number 

of combinations of n things taken r together, i.e. 

Similarly, considering the p points only, and supposing no three 
of them in the same straight line, the number of lines fonued by 
joining them would be 

1.2 

But, since al! thc^> points are in the same straight line, all these 
— - y - ^ — - lines are merged into one only. 
HencBj if ic is the number required. 



, (»-ri(«+P-i) ^ ^ 

1850. {A). Find an expression for the amount of a given sum 
of money which lias accumulated during a given number 
of years at a given rate of compound interest. 

(B), If a sum of money, at a given rate of compoimd 
interest, accumulate to j)-fold its original value in « years, 
and to ^'-fold its onginal value in n' years ; prove tliat 
)/ = !?.log,y. 
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The result of [A] is M= PE\ where i? - £l, together with 
the mtei-eet on £l for 1 year. 

By the first condition of [B) we have 
pP = P.R\ 
or p = li" {!}. 



By second condition 


, ji'P^PR"', 


or 


y = ^"' 


From (1), 


1 = n log fR, 


from (2), 


log,^>' = nMog^i?; 


tliercfore 


\ = '»&/''» 


or 


n = n \<,s,p. 



1851. [A). If interest be payable every instant, and the 
interest for one yeai- be an m* part of tlie principal, 
find the amonnt for any mimber of years. 

{B). If a quantity change continuously in value from a 
to 5 in a given time (, , the increase at any time bearing 
a constant ratio to its value at that time, prove that its 

value at any time t will be a ( - j'l . 

If in [A) P be the principal, M the amount, n the number 
of years. 



m^pU 



The problem [A) involves a principle which need not be 
restricted to the idea of interest. We may regai-d a sum of 
money put out at compound interest, which is due every instant, 
ae the type of a varying qiiantity which increases continuously 
from one value to another. Now in {B) all the conditions arc 
satisfied for the varying quantify, wliicli hold for the Bum of 
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money in {A) whicli is put out to iuterest. Therefore tlie above 
result must hold for the varying quantity in (B). 

Here P=a; and M^h, when n = t^, the unit of time being 

arbitrary : and the constant ratio = — . 

■" m + 1 

Therefore b^afl + ~)'' (1), 

and if x is the required value at the timj; t, 

^ = -(-4)' <^>- 

From (1], l+- = (-\\ 

therefore x = a (- )'' - 

1850. {A). Express the number of numbers less than a given 
number which are prime to it, in terms of the given 
mmaber and its prime factors. 

(B). Shew that the sum of these numbers is equal to 
half the product of tlio number of them into ^e given 
number. 

From (A) we find that the number of numbers prime to and 

l^s than jV"= N(— — ] . f^r-J where a, b, are the 

prime factors of N. 

(l). Let N — «'". Then the niunbers < N and not prime to 
It are 



(1 of which = -— (a + «""), 

_ N{N+ a) 
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tlierefore sum of numbers < N and prime to N 



4jn,-n) 



-P(^) 



= — X nuinlier of nmnbers less than N and 
prime to it. 
(2). Let A" = n"'b'\ 

then, the numbers divisible by a and < jY" are 

a, 2a, Sa, a"'-'b"a, 

tliose divisible by b are 

h, 2b, Bb, d"b''''-b, 

tliose divisible by ab are 

ab, '2oh, Bab, a'"~'h'^'ab. 

Hence, observing that each of the two former sets include 
the latter, the siun of all numbers less than iV" and not prime 
(x) it, is 

°-^" (» + «"*■) + "^ (s +«•■*■) - '^^ ("S + <n-) 

S{N+a) NlN+b) N{N+d,) 
~ 2a '^ 26 2ai 

therefore sum of tlic numbere <^and prime to it 

N^ ah-a-h + 1 
~ 2 a}} 

and so on for more factors. 
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TBIGONOMETEY. 



1851. (A). Compare the magnitudea of two angles which 
contain the same number of French and English degi-ees 
respectively, 

(B). Divide an angle which contains n degrees into 

two parts, one of which contains as many English minutes 

as the other does French. 

From {A) wo get, that if A and B be two angles of winch 

the former contains as many English degrees as the latter does 

French grades, 



If A contained as many Englisli minutes as £ conttuna 
Frencli, the above formula would have to be modified into 
A 10 100 50 



Let now A, B be the two required parts of the given angle, 
Then we have 



A + B^n; 
therefore A{i + U) = n; 

therefore A = f^n, 

and S = nn. 

1849. {A). Define the cosine of an angle; and trace its 
changes in sign and magnitude as the angle increases 
from 135' to 405°. 

[B) Construct tiie angle whose tangent is 3 - 1/2- 
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In the investigation of [A), we prove that 



Take any finite straight line AB (fig. 28). Draw BO at 
right angles to AB and = 3AB, 

Make BD = AB and join AB. Cut off from CB, OE^ AD, 
and join AE. BAE shall be the angle required. 

For, sinee BD = AB, the L BAD = 45°; 

therefore 



therefore 






4D = ^I9,AB. 


Hence 






BE = JiC - CE 
^BC-AD 
= 'iAB ~ ^2.AB-, 


tlierefore 




tmiBAE = ^=3- Ji; 


oi'BAEis 


the 


angle 


required. 



] 851. (A). Prove that 8in(^ + 7?) = sin^ cosi? + cos^l ainii, 
and deduce a similar expression for cos(_4 + B). 



COSji 
0035' 



From the given equation 
A + B- 



«(t^n^-tan^|:?)=.&(tan-^-^-tan_B)i 
A + B „ A + B . 
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But by (A), 

A+B . ( . A + B\ 



and sin — ^ 
therefore 






1848. {A). Express 9in2J in tfinns of ta.n^. 

{B). Given tan^^ = 2-^3, find sin-4, and thence A. 
From [A), we have 



2tan^ 
sm2jl - 



- tan"^' 



therefore sin^ = T~~~.--\-r^ 

1 + tan^4-4 



-4v'3 
_ 2 (a - V3) 
^ 4[2-V3) 

therefore ^ = 30". 

1850. [A), li A + B+C= 180°, prove that 

tanjl + tani? + tanC = tanyl tan.B tan (7. 
(B). If «, ;S, 7j denote the distances from the angiilar 
points of a triangle, to the points of contact of the in- 
scribed circle, shew that the radius of the inscribed circle 

W + ^ + yJ- 
Here (5) is a direct application of the formula proved in (A). 
If (fig. 29) is the centre of an inscribed circle, the lines 
OA, OB, 00, bisect angles A, B, 0. 
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fleiioc 


the 


iB'OC' = 2lB'0A' 

— 2A suppose, 
iCfOA' .iB\ 
lA'OB' ^2C'. 




Now 


lB'OC + lC'OA' + lA'OB- = 


3150°; 


therefore 




^' + 5' + C = 180°. 




Let 




OA -r-OB'~ OC: 




We have iJbo 


AB' -AC -c, 








BC = BA' = ft 








CA' = OB' = 7, 




(md the geometry of t!ie figure gives 






a- 


j'taii^', ^ = ^tanS', j = i' 


tanC 


therefore 




al3-/ = r'taji^' taiiij' UuiG' 






a + 


j9 + 7 = rftan^' + taniJ' + tanG'j 






= *-tari^'tanB'tan(7', 




•iiice A\ 


B', C 


, fulfil the condition of [A) ; 




tlerefore 




.ft 
a + /3 + 7' 




mi 




/ oft V 
"U + /3 + 7J- 





1848. {A], Prove that the sines of the angles of a triangle 
are proportional to the opposite sides. 

[B). Hence deduce tlie expression for the cosine of an 
angle in terms of the sides. 

From [A) 

therefore sin^ = «r, siniJ = br, smC = or, 

and eo5^ = V(l-oV"), coBji»V(l-SV), cosC=V{I-c' 
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Now in every triangle, 

A +£+0=180"', 
therefore sm{A + B) = sm(180''-C) = dnC, 

or smA cosB + wsA sinB = sin (7. 

Suljstituthig for sin^, cosJ5, &c., 

ar^{l-i>V) +6?-A/{l-aV) = cr, 
or a V(l ~hV}=c~h V(l - «V"). 

Squaring, a' — a"6V = (;" + &' — d'ly'r' — 2hc v'(l — aV) ; 
therefore (i^ = c" + ft'' - 2Jc V(l - a^'"), 

therefore coa^ = \/{l—aV) 

_ h' + c'-a' 

1850. [A). If (t, i, (;, be tho sides of a triangle, prove that its 
area ia equal to 

4 V(2iV + 2oV + 2«"ft' -a*-y- c\ 
{£). Apply this expression to find the area when tlie 
angle opposite to c ia a right angle. 
When the angle opposite to c Is a right angle, 

.-. ib'c' + 'ic'a^ + 2(xW - a' - &' - c' = 2c' + 2a'ft'^ - «' - ft' - c' 
= c'-K~ftT 
-{a' + hy~{a'~by 

hence area required = ^ah. 

1850. [A). Shew that in general it will be possible to de- 
termine two ti-iangles in which two sides and the angle 
opposite to the less are of given magnitudes. 

(B). If a, b, B, be given, and a be > ;^, and if c, c be 
the two values found for the third side of the triangle, 
then 

e' - 2cc'coa25 + ,■'" = ib\o?^B. 
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c, c' arc the two roots of the equation 

l' = a" + c' — 2<ic cos5, 
or c" — 2ac cos5 + a^ — V' = 0. 

Hence cc' = a^ — f>'j 

c + c' = 2fflC09B; 
therefore c' + 2cc' + c™ = 4a^ cos"^ 

= i{co' + ?y') cos^B, 
or observing that 2 cos^S - 1 = cos25, 

c" — 2cc' cos2B + c'^ = iF cos''-C. 

1849. (A). Two sides and the included angle of a triangle 
being given, shew how to find the remaining angles. 

{B). The ratio of two sides of a triangle is 9 : 7, 
and the included angle is 47°.25'; find the other angles. 
Given log2 = -3010300, 

Z;tan66M7'.30" = 10-3573942, 
£tanl5^53' = 9-4541479 ; difF. 1' = 4797. 
Let G, a, h, be the given parts. Then the equations 



and 


-^=:-^^4' 


determine — ^ — - 


and ^ ~ ; and therefore 




, A + B ^ A- B 




^ 2 + 2 • 




„ A+B A-B 
S 2 2 


are known. 


C = «-.26', U\; 


Here we have 



= 90° - 23''.42'.30" 
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and ^^lsil^l = l, 

a-\- b 9 + 7 16 8' 

therefore tan — ^— = --■ cot23°.42'.30" 



^tanGGMT'.? 



= 10-3573942 - "9030900 
= 9-4543042 

— L tan(15°.53' + h") suppose. 
Now the rule of proportional parts gives (if consecutive 
angles in the tables differ by 1') 

_S _ L taii(15°.53' + g") - L tanl5°.53' 
60 ~ i tan 15°.54' - L tan 16°.53' 

therefore S = 20.|f|f = 19".5. 



therefore A = 66°.I7'.30" + 15°.53'.19".5 = 8ii°.10'.49".5, 
B= eeMT'.SO" - 15".53'.19".5 = 50°.24'.10".5. 

1848. [A). Expreaa the area of a triangle in terms (l) of 
two aides and the contained angle (2) of one aide and the 
adjacent angles. 

[B], Two aides of a triangle are equal to 3 and 12 
respectively, and the contained angle is equal to 30°: 
find the hypothenuse of an equal right-angled isosceles 
triangle. 

The area of a triangle ABG 

= ^«&sinC (i), 

, (? &mA sini? , , 

"** =2-as(ZTjj w 
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In tlic firet-iaentioned triangle of (.5), we have 
ffl = 3, 5 = 12, C = 30° ; 
therefore its area = ^.3.12 sinSO" 



In the rigM-aiigled isosceles triangle, we have 



4 ■ 

But the areas of the two triangles are to be equal, therefore 



1849. (ji). Shew how to find the height of an object above 
a horizontal plane from observations made at two given 
stations in the plane, 

{B). The angular elevation of a tower at a place A 
due south of it is 30°, and at a place .B, due west of A, 
and at a distance a from it the elevation is 18° : shew that 
t]ie height of the tower is 

V'(2V5 + 2)' 

If in [A), OG (fig. 30) be the tower, A^ B the two stations, 
the angles OAC, OBG will be kftown from observation, and the 
distance AB and the angle CAB will be known because the 
stations are known. 

CA^ CB can each be expressed in terms of OC from the 
triangles AOO, BOO; and therefore a relation can be found 
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between GA and CB. Another relation between them is given 
by the triangle ABC. We thus are able to tind OA or CB, 
and thence 00. 

In [B] we have given that 
/.OAC^20% i05C=18°, lCAB = 90°, and AB=a. 

Let 0(7 = re, GA = y, OB = y\ 
then a:; = ?/ tan30°, 
and a; = y tan 18°; 
therefore y tanlS" = ^tan30° (l). 

Also from the right-angled triangle ABG, 



^ / tan" 30 
' Vtan^'lS" ' 



•^ Vltan'SO^-tatflS)' 

„ _ ataiilS'' tan30° 

Lcretorc x ~ ^Jf^^^^^^:^^^^^ 

" VCcot'lS-cofSO^)' 

Now cot30= = V3, eotl8" = ^^i^te^i; 

V5 — 1 

-V5 -^ 

3 - VS 
_ 8 (V5 - 1) 
" (V5-1)" 

2(V5-1)(V5 + 1) 
V5-1 
= 2V5 + 2; 

° V(2V6+2j ■ 



■•(2); 
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1848. {A). Shew luw to d(t*rmnif the height (f ■v moimtim 
by observations it two ^tition? m tlie wime lioiizoutal 
plane, tho diBtaiice between tht stations being known 

(B). If the stitirtDS ire m the sime veitical pi me 
passing through the sunamit, and tlie Hummit [8] is ob- 
served from the furthei station, but a lower point (S) is 
observed by imstaho fiom the neirer, shew tliit the 
height determined bv the proucas hts between the hei^jhts 
of S and S" 
The process of fandiug the height ot the mountim would in 
this case be to observe the angle NA8 {fig, 31) from the further 
station A, and the iN'BS' from the nearer station, and, 
knowing the distance AB^ to determine the height (a;) from 
the triangles ASN, BS'N' on the supposition that SN, S'N' 
were each = x ; the result obtained would correspond to the 
height S"N" of the point where BS' produced meets A8; and 
since S is supposed to be invisible at B, 8" must be lower than 
8 but higher than 8'. 
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STATICS. 

1848. {A). If two forces, a«tiug on a particle, be represented 
by two adjacent aides of a parallelogram, prove that tbeir 
resultant will act in the direction of the corresponding 
diagonal. 

(B). Explain how the force of tlie current may be 
taken ajivautagc of to urge a feiT}'-boat across a river, the 
centre of the boat being attached, by means of a long rope, 
to a mooring in the middle of a stream. 
Let the boat be kept in a position inclined to the direction of 
the stream at an angle of about 45°, its foremost end pointing up 
the stream. The current will produce upon the boat a pressure 
consisting of two parts, one pei-pendicular to the side of the boat, 
the otlier in the direction of its length. The latter is incon- 
siderable compared with the former, because the surface offered 
to the perpendicular resistance is much greater than that which 
the longitudinal pressure acts upon. Considering the rope (since 
it ia long) as nearly parallel to the direction of the stream, wo 
shall have two forces, viz. the tension of the rope and the 
preasure of the water perpendicular to the side of the boat, the 
resultant of which, by the pi-oposition, acts between them, and 
therefore tends to propel the boat towards tlie bank, to which 
the foremost end of the boat ia directed. 

1849. {A). Assuming the parallelogram of forces, so far as 
the direction of the resultant is concerned, shew that the 
diagonal of the parallelogram represents the magnitude of 
the resultant. 

{B). The resultant of two forces is 10 lbs., one of them 
is equal to 8 lbs., and tlic direction of the other is in- 
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dined to the resultant at an angle of 36^ : find the other 
force, and tlio angle between the two. 
Let OA, OBf (fig. 32) represent the two forces ; then, by {A), 
00, the diagonal of the parallelogi-ain OAGS, represents their 
resultant. 

We have given OA proportional to 8, OG to 10, and 
OB to X (the number of lbs, in the required force) ; and 
z 500 =36°. 

From the triangle OAG, 

OA' = (9(7= -I- AC ~ 20G.ACcof,OGA; 
tlierefore 8* = 10'^ + x' - 2.10 ce cos3G°, 

V5 + 1. 



or 


64- 10fl4-a!"-2.10.a! — 


therefore 


x^-.5(V5 + l)3! + 36 = 


which gives x. 




Also, 


sin A OB =^ sinOAG 




'^i-OCA 




= V ainSe" 




= 1 sin 36°, 


which gives the 


angle A OB. 



1850. (A). If three forces which act in a plane keep a rigid 
body at rest, prove that their lines of action are either 
parallel or pass through a point ; and in both cases, shew 
that any two of the forces are inveraely proportional 
to the perpendiculars drawn on their reepcctive lines of 
action from any point in tlie line of action of the third. 

[B). An uniform heavy rod of given length is to be 
supported In a given position with its upper end resting 
at a given point against a smooth vertical wall, by means 
of a fine string attached to the lower end of the rod and 
to a point in the wall. Find by geometrical construction 
the point in the wall to which the string must be 
attached. 
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Let AB (fig. 33) be the rod, G (ita middle point) ita centre 
of gravity ; the forces which keep it at rest are 
its weight acting along GW, 
tension of string along BP, 
and reaction of wall along JB J_ NP. 

Now the principle of which (A) m the enunciation tells us 
that these tliree forces must meet in a point {because they are 
not parallel) in order that there may be equilibrium. We must 
therefore suppose the string BP placed in such a position that 
it shall pass through the intersection of AR and WG pro- 
duced. When this is done, all the statical conditions have been 
brought in, and the problem of finding the position of equi- 
librium is solely a geometrrwal one. 

We have then from the geometry of tlie figiiro, 
AP% AN:: PO : OB :: AG : GB. 

But AG^GB; 

therefore AP = AN. 

Since the position and length of AB is given, AN is known 
and therefore the point P where the string is to be tied, h 
determined by taking AP = A Y 

1848. (A). When a body la kept m cquilibimm h^ thice 
forces acting in one plane, eitliei then duectiona \i(. 
parallel, and one force is equal to the sum or difference 
of the other two ; or theii duertions meet m i point, ml 
each force is as the sine ot the ingk bttwcLn the ether 
two- 

{B). AB is a rod capable of tmmng tieel} T.bont iti 
extremity A, which is fixed , CD is another rod equal to 
'2AB, and attached at its middle point to the extremity B 
of the former, so as to turn freely ibout this point , a 
given force acts at G in the duection CA hnd the foice 
which must be applied dt i> m oidei to produce equi- 
libriimi. 
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Let F bo the given force acting along CA (fig. 34), the 
preasiire {R) at the hinge B or the rod CD must act along AB-^ 
for if it does not, the equal reaction upon the rod AB would 
make it revolve ahout A, and equilibrium would not exist. We 
have now the rigid body CD acted on by two forces F and R, 
whose directionfi pass through A ; the force (P) therefore which, 
acting at i?, is to preserve the equilibrium, must, by [A), also 
pass through A, 

The proposition further tells ua that the magnitude of each 
of the forces P, F, B^ is proportional to the sine of the angle 
between the other two. Hence 

P : F \ B :: AnBAC : &mBAD : ?:mCAD; 

, ^ P simBAC 

therefore F^ Jn'RAD' 

But since AB = BG = BD, 

smBAC = cos^ABC, 
and sin^^i? = sin^^^C; 

tiierefore ^=^'^m 

= F(i<iU^ABC. 

1848. (A). Assuming the principle of the straiglit lever for 
two forces, find the condition of equilibrium of a rigid 
body moveable about a fixed axis, and acted on by any 
number of forces in a plane perpendicular to the axis. 

[B). If a set of forces, acting at tlie angular points 

of a plane polygon, be represented by the sides, taken in 

order, shew that their tendency to turn a body about an 

axis perpendicular to the plane of the polygon is the same 

through whatever point of the plane the axis passes. 

The result obtained in {A) is that the sum of the moments 

about the fixed axis of all the forces which tend to turn the body 

one way round must be equal to the sum of the momenta of all 

the forces which tend to turn it the opposite way round. This 
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condition expresses notbing more than the fact, that the moment 
of any force about the fixed axis is a proper measure of its 
tendency to turn the body round the axis. 

Let now ABDF (fig. 35) ho a polygon whose sides represent 
in magnitude and direction a series of forces tending to turn 
a body round an axis through perpendicular to the plane of 
the polygon. The tendency of tlie force represented by AB to 
turn the body roimd will be, from above, proportional to its 
moment about 0, i.e. to AB.ON {ON being LAB), and 
therefore proportional to the area of the triangle A OB. Hence 
if, as in fig. 35, be within the polygon, the whole tendency 
of the forces to turn the body round will be proportional 
to the area of the polygon, and therefore the same wherever 
within tlie polygon may be. 

If bo without the polygon (fig. 36), we observe that those 
forces BE, EF, FA, the triangles corresponding to which lie 
entirely outside the polygon, tend to turn the body in the 
opposite direction to that in which the forces such as AB, BC,... 
tend to turn It. In forming therefore the algebraical siun of the 
moments, the triangles corresponding to the former forces will 
have to be suhtracted, so that the whole tendency of the forces 
to turn the body round will still be proportional to the area of 
the polygon, and will therefore be the same whatever be the 
position of 0. 

1849. [A). State and explain the conditions necessary and 
sufficient for the equilibrium of a body which has one or 
more points in contact with a smooth plane, and is acted 
on by any forces. 

(5). A triangular board of given weight rests in equi- 
librium with its base on a horizontal plane suiBciently 
rough to prevent all sHding. A force acte upon it in its 
own plane and in a given line di'awn tlirough the vertex 
and without the triangle : find by a geometrical construc- 
tion, or otherwise, the limits between which the magnitude 
of the force must lie if the equilibrium is preserved. 
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If one point only of a body tie in contact with a smooth 
plane, the forces acting on the body (excluding the reaction 
of the plane) must admit of a resultant passing through the 
ponit of contact and perpendicular to the plane. If two points 
are in contact with the plane, the resultant must pass through 
the line joming them ; and, generally, if tliere be more than two 
pomts of contact, it must meet tlie plane in a point within tho 
polygon formed by joining the points of contact ; the direction 
of the resultant being in all cases perpendicular to the plane, in 
order that the body may not slide. 

In [B), since the plane is sufftcientiy rough to prevent 
sliding, the last condition is not necessary ; the only condition 
therefore that in this case is necessary is, that the direction of 
the resultant of the weight of the triangle and the force which 
acts at the vertex shall cut tlie base of the triangle. 

Let the vertical through the centre of gravity G (fig. 37) 
of the triangle meet the given line through A in 0, and the 
base of the triangle in M. Then, in the limitiug case of equi- 
librium, OB must be the direction of the resultant of the weight 
(W) of the triangle and the force (F) which is to act at A. 

Draw MN\\ OF. Since the two forces F, W, and then- 
resultant reversed of course balance, the sides of the triangle 
OMN^ which are in the direction of these forces, must he pro- 
portional to their magnitudes. Hence, OM representing the 
weight of the triangle, MN will represent the greatest value 
of the force F. 

Similarly, if F acts in the direction A 0, MN' would represent 
the greatest possible value of F, where N' is the point of inter- 
section €){ 00 produced and iVjW" produced. 

If we wish to put this result into an analytical form, we may 
assmne the angle which Oi^ makes ivith CB = a, lOBM^O. 
TI F _MN_ Bm HON _ cos.fl 

' W OM sinC»-ZW~ain{e + a)" 

Now is known from the geometry. For 

■ (,^2^_0M sin [6 + cc) 
^'" OB ~ c '%m[B + a)' 
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using the UBual notation for the sides and angles of the triangle 
ABC. Also 

= AD- 2I!M. tan a, 
= c.cosB- ^(m-2(;.cosJ3) .tana, 
=^p, suppose. 
Making the oecessaiy substitutions, we obtain 

W 

F = — ■. (c.coseca — p . cota.cosec {B-\- a)]. 

[B] might also be solved by observing that tho moment of /'' 
about B must always be not greater tlian the moment of W 
about the same point ; and in the limiting case these moments 
must be equal, which consideration immediately gives a value 
for F. 

1849 [ i) LxpUui the nituie ot the i tion inl reaction of 
smooth surfaLcs m contict 

[B] Two equal cnculii disks with sinjoth edges, 
placed on then flat sides m the comei between two 
smooth \ertical planes ini.lined at i gi\en "ingle, touch 
each othei in the line bisectmg the angle Find the 
ladius of the least disk whith luiv be pressed between 
thnn witliDut ciusing them to separate 

The mutuil preasuie of two smooth sm'faces in contact acts 
along the common noimal to the surfaces at the point of contact. 

Let 0, (hg S8) be the tenties o± tlie ti\o disks, N,, N^ 
tlie pomts where thej touch the walls. Let tlie radius of either 
disk = r, and the angle between the walls = 4a. 

Produce N^O^, N^O^ to meet in 0. will be the centre of 
the required disk. For if the centre of this third disk be at all 
neai'er to .4, i.e. if the disk be at all smaller, the lines joining 
its centi-e with 0, and 0.^ will meet AN^ and AN^ produced ; 
and therefore the pressures (which act !n these lines) exerted on 
the two given disks, will tend to push them away fixim A^ and 
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therefore to separate frooi one another. To find the radius (E) 
of the third disk, we Jiavc 

B = ON, - m,N„ 

= AN^ . tan 2c( - 2r, 

= r , cot a . tan 2a — 2r, 

_ 2r . tan''a 

= r . tan a . tan 2a. 
1S49. [A). Find the centre of gravity of a tnangle. 

[B). One comer of a triangle, equal to -tii pai-t of its 

area, is cut off by a line parallel to its base ; find the 
centre of gravity of the remainder. 

Let ABC (fig. 39) be the given triangle ; Abe = - of its area, 
he bemg II BC. 

From [A) we know tliat if AD be drawn to the middle point 
of 5C, aaid take DG = ^DA, O- is the centre of gravity of the 
triangle. Moreover it is proved in the investigation of [A)^ that 
AD bisects every line parallel to BG ; thus d is the middle point 
of 6c, and therefore \£ dff = i<iA, g is the centre of gi'avity of 
triangle Ahc. Let (?' be that oiicCB. 

Since the centime of gravity of a body is that point at which 
its weight may be supposed to act, G may be considered as tlie 
point of application of the resultant of tlie weights of the portions 
Ahc, hcGB. Hence 

G6-' : Gg '.: weight of Abe ; weight of he- CB, 
: area Ahc : area hcCB, 



-1; 



^... 



GG' = GD- G'D, 
= \^AD - G'D. 
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Also, smco n: 1 :: area ^BC: area Ahc :: Alf : A^, 

and wo get Gg = AO ~ Ag, 

= 2 {AD- Ad), 

Therefore, substituting in the above relation, 

2AD 

^ 3Vk(V«+ 1}' 



3 .\/?i . (Vfi 



" 3 Vw . (Vji + 1 



AD. 



1848. (-4). Wlien a weight is supported on a smooth inclined 
plane by a force along the plane, tlie force is to the weight 
as the height of the plane is to its length. 

(B). If the roughness of a plane, M'hich is inclined to 

the horizon at a known angle, be sueh that a body will 

just rest supported on it, find the least force along the 

plane requisite to drag the body up. 

In this case we have an extension of the problem [A] to the 

case where the plane is rough, the roughness being given by 

the fact that a body would just rest on the plane. This fact 

shews at once that, if e be the uiohnation of the plane to the 

horizon, the reaction (which must balance the weight of the 

body) acts at angle e to the normal to the plane in the opposite 

direction to that in which the body is on the pomt of sliding. 

Hence, if the body be on the point of slidmg up the plane 
under the action of a force (P) along the plane, the reaction [B) 
will aet as in fig. 40, where lNOR between its direction and the 
normal = e. 
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Let ML (fig. 40) drawn parallel to OP meet EO produced 
in L. Then the sides of the triangle OLM, being parallel to 
the directions of the three forces P, W^ M, which keep at rest, 
will be proportional to tlieir magnitudes ; i.e. 
P: W:B::ML: OM: OL. 

Therefore j== 7^=-,, 

_ limMOL 
~ sin OLM^ 



= 2 BID £. 

P=2T'F.sin; 



1850. {A). Find the ratio of the power to the weight neces- 
sary for equilibrium on an inclined plane, when the power 
acts along the plane. 

{B). If the inclined plane be the upper surface of a 
wedge whose nnder surface rests on a smooth horizontal 
table, find the horizontal force which must act on tlie 
wedge to keep it at rest. 

From the equilibrium of the particle (fig. 41) we have, by 
the same method as is pursued in [A], 

B= TT.cosa (1). 

From the equilibrium of the wedge, observing that the effect of 
the particle resting on the wedge is to impress upon it a force E 
perpendicular to the slant side, we have, by equating horizontal 

<■»""■> E.A-aa. = F (2); 

therefore F — W. sin a . eoa a, 
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1850. [A]. Find the ratio of the power to the weight neces- 
sary for equilibrium on the wheel and axle. 

{B). If the axis about which the machine turns coincide 
■with that of the axle, but not with the axis of the wheel, 
find the greatest and least ratios of the power and weight 
necessary for equilibrium, neglecting the weight of the 
machine. 
Let (fig. 42) be the axis of the axle, 0' of the wheel. 

OA^a, 0'B=b, OO^c. 
If P be himg at B, W at ^', 

F OA: a ^ ^ , .P 

W^-m^h^,^ greatest value of ^; 

and if P be hung at B\ W at A, 
P _ OA ^ 
W OB' 

1849. [A). Find the relation between P and W in the system 
of pullies in which the same string passes round all tlie 
pullies. 

(B). A triangular plane ABO is kept in equilibrium 
by three systems of pullies of the above kind, each having 
one block fastened to a fixed external point and the other 
attached to an angular point of the ti-iangle by a string 
whose direction bisects the angle. The same string passes 
round all the pullies and is solicited by a certain force. 
Shew that the numbers of the strings between the pullies 
arc as cos ^A : cos ^B: coa^ 0. 
If n be the number of the parallel strings in [A], 
If ^ 

Let n^, %, Wj, be the numbers of strings between the blocks of 
the pullies at A, B, 0, respectively. Then, by tlio above 
formula, the tensions at A, B, G, which keep the triangle at 
rest will be n P, n P, n^P; P being the force which acts upon 
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tlie string passing rouud all the pullies. Tlie directions of these 
three tensions, by hypothesis, bisect the angles of the triangle, 
and therefore meet in a point. Let them meet in (fig. 43), 
Then, supposing to be a point rigidly connected with the 
triangular plane, we may regard the tensions as acting upon it ; 
and we have 
n^P: n^P-.n^Pr. smBOG : bIrAOC : 6mA0B, 

:: sin(^S+|C) : sm{4,tl+^C) : sin[4^ + |_8), 
or Tij : *!j : Mj :: cos-JjI : cos^B : cos^C 
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3.851. (A). Write down the laws of motion ; giving any 
illustrations you please for the sake of explanation. 

(B), If a weight of 10 lbs. he placed upon a plane 
which ia made to descend with a unifonn acceleration of 
10 feet per second, what is the pressure upon the plane? 
Let B be the pressui'e on the plane. The moving force upon 
the given weight 

= 10 lbs. - B, 

— (mass) X (acceleration per second), by tho 
thii'd law of motion, 

100 ,. 



= 10^, 

3-22 ' 

= 6-895 lbs. 

1850. {A). Explain clearly on what conventions with respect 
to units the equation P = Mf is tmc, where f expresses 
the accelerating effect of a force whose statical measure 
is R 

{ff). A body weighing 10 lbs. is moved by a constant 
force which generates in a second a velocity of 1 foot per 
second ; find what weight the force would support. 
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Here (B) is a numerical exemplification of tlie meaniiifj of 
the equation .P = Mf, ov moving force = tlie product of maas 
into accelerating force. The question ia simply this ; Given the 
mass of body and the accelerating force, find the moving force. 

Let Jf be maB9,/aceelerating force. Therefore 
Mff = 10 lbs, where g = 32'2 feet, 
and y= 1 f**"*' 

Therefore moving force required, or in other words, tlie weight 
which it would support, 

= V, 

= ll>.£\ha., 

a 

= -3105 lbs. 

1848. [A). A body whose mass is m, ia projected with a 
velocity F, and acted on by a constant pressure P in the 
line of projection: find the velocity of the body at any 
time. 

{S). A train of connected bodies, whose weights are 

'^ ^ W ■, are moving together in a straight fine, being 

acted on by the retarding pressures P„P„ ... respectively; 
find the conditions in order that the bodies may continue 
to move with equal velocities when the connexion between 
them is severed. 
In {A) we have 

velocity at time t=VA — t. 

Similarly, in [B), if V be the velocity of the whole train at the 
instant when the bodies are separated, 

velocity of W^ at time ( from the separation 
p 

= V =Vw') 

massot Ir, 
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If then the bodies, after being severed, are to move always with 
the same velocities, 

tbe conditiona required. 

1850. [A] Shew that in unifoi'mly accelerated raotion s=^'. 
(B) A body falling in vacuo, uoder the action of 
gravity, Is observed to fall through 144'9ft. and 177'lft, 
in two successive seconds ; determine the accelerating 
force of gravity, and the time from the beginning of the 
motion. 

Let «, s, s" be the spaces (in feet) through which a body 
would fall from rest in ( - I , (, and ( + 1 seconds respectively. 
Then, by (^), 

we have |^(2(-1) = s - s= 144-9 (i), 

and |5r{2( + l) = s"-s'= 177-1 (2), 

from which two equations we can find c/ and (. 

Subtracting (1) from (2), 

ff = 32.2. 

2t+ I _ 177-1 

2t- l~ 144-9 ' 

. ^1, . „, 177-1 + 144-9 323 

and tneretore 2( = = = lo • 

177-1-144-9 32-2 ' 

therefore t - 5 and (+1 = 6. 



Also 
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1849. {A). If a body be projected with a velocity u, and 
acted on by a unifonn force / in tlie direction of motion, 
shew that the space passed over in tlie time f will be 
ut + ^Jf. 

[B). A particle moves over 7 feet in the fii^t second 

of tiie time during which it is observed, and over 11 and 

17 feet in the thbd and sixth seconds respectively. Is 

this consistent with the supposition of its being subject to 

the action of a uniform force ? 

Let the velocity with which the particle is moving when first 

observed be m. Then, if it is acted on by a uniform force [/), 

and s be the apace passed over in t", we have, by {A), 

s^ut + ye. 

Hence, space described in the first second, (sj 

-« + i/, 

= 7j by hypothesis. 
So ,,_(3» + J/3')-(2« + i/2''), 

= " + i/, 

— 11, by hypothesis. 
We now have two equations, from which we find 
/=2 feet, 
it = 6 feet ; 
therefore s, = (6^ + i/.6'} - (5m + i/./), 

= «+V-/, 

= 6 + 11, 

= 17. 
Therefore the assumption that the particle is under the action 
of a uniform force is consistent with the data. 

1850. {A). Prove that if a heavy body fall down a smooth 
curve, the velocity at any point will be that due to the 
vertical height through which it has fallen. 
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(-6). Shew how to place a plane of given length in 
order that a body may acquire a given velocity by falling 
down it. 

Let a (fig. 44) be the given length of the plane, v the given 

velocity. Take a vertical line AB = — . With centre A and 

radius = a, describe in a vertical plane a circle cutting the 
horizontal line throiigh B in C. 

A will be the position required. 

For, by (^1), 

velocity at (7 = velocity dac to AJi^ 



1848. {A). Prove that a body projected obliquely and acted 
on by gravity wilt deaeribc a pai-abola. 

[B). rind the velocity and direction of projection in 
order that the projectile may pass horizontally through a 
given point. 

Since the proposition teaches us that the path of a projectile 
is a parabola whose axis is vertical, it is clear that the given 
point A (fig. 45} must be the vertex of the parabola. Let P be 
the point of projection ; FB = h, BA = k. We may deduce 
from (j1), exactly as In Goodwin's Course [Dynamics, Art. 39, 
3rd edit.), 

A = ;— .sm2a, 
2y ' 

, V ■ . 
K = ■—■ . sm a. 

Hence, ^ = ^-^ = 1 tana ; 
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1850, (ji). Find the curve described by a body projected in 
vacuo with a given velocity and in a given direction, 
explaining the application of the second law of motion to 
tho problem. 

(£). A smooth tube of uniform bore is heut into the 
form of a circular are greater than a semicircle, and placed 
in a vertical plane with its open ends upwards and in the 
same horizontal line. Find the velocity -ivith which a ball 
tliat fits the tube must be projected along the interior from 
the lowest point, in order that it may pass out at one end 
and re-enter at the other. 

The result of {A) is {see Groodwin's Course^ p. 269, 3rd edit.) 
that if V (fig. i6) bo the velocity of projection from P in direc- 
tion FT, 

9 
and therefore the path is a pai-abola. 

Let now FGF (fig. 47) be tlie tube mentioned in {B). 
OP=a, ON^c, zP0P' = 2a, 

V ~ velocity of projection from 0, 

v' — velocity with which the ball emerges from P or P'. 
By {A) it will describe a parabola; and the given conditions 
shew that PT, PT* are tangents to this parabola, whose vertex 
therefore will be at A, the middle point of iVT. 



Also, by [A), we have 



P7" ^ — .A T. 
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FT = a. taim, 
^2'=iA"2'=^(«.eeca-c), 
= ^{a. sec« - a . cosa). 



. a (sec a 



ag . tan a - 



therefore v" = arf . sec a. 

Now the vetooity at G is same as if the ball had been pro- 
jected downwards with velocity v from Nj therefore 
v'' = v'^ + 2c{. CN, 

= Off . aeca + 2(/.{a + c), 
= Off .{2 + 2 cosa + seca). 

1849. [A). The velocity of a projectile at any point of its 
parabohc path ia that which woiild be acqnii-ed by a body 
falling freely fi-om the directrix to that point. 

(B). If a body be projected with a given velocity so 

as to ps^s through a given point, constract the direction 

of projection. 

We ieam immediately from {A) that, if a body be projected 

with a given velocity, the distance of the point (P) of projection 

from the directrix is known, and consequently tlie position of 

the directrix. The body has also to pass through a given point 

[Q); m that (S) is equivalent to the geometrical problem : to 

draw throngh P a tangent to the parabola which passes thi-ougb 

the given points P, Q, and whose directrix is known. 

Draw FM, QN (fig. 48) perpendicular to the directrix. With 
centi-es P and §, and with radii PM, QN respectively, describe 
two cii-cles, cutting one another in 8, 8'. Join P8, P8\ Q8, QS'. 
Then, since PM=P8, QN=QS, and also PM=PS', QN=Q8', 
it is clear that each of the points 8, S' wiU be the focus of 
a parabola which answei-s the given conditions. Hence tliere 
ai-e two solutions ; and both the line PT bisecting the angle 
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8PM, and the line PT' bisecting the angle S'P3f, will be the 
direction in which the body must be projected with the given 
velocity so as to pass through Q. 

1850, (A). Given the velocities of two bodies of which the 
mfisses are J/, M\ and the elsiSticity e ; find the velocity 
of each body after a direct collision. 

[B). Three equal balls are moving in the same direc- 
tion with velocities which are proportional to 3, 2, 1 ; and 
the distances between them were at a given time the 
same : shew that after impact the velocities will continue 
to be in arithmetical progression. 
(B) is not a direct application of {A), because it involves 
a double impact; it is rather a question of similar character, 
and must be solved in the same style as [A). 

Let m (fig. 49) = mass of each ball ; Sv, 'iv, v, the velocities 
of the balls, beginning with the hindermost, before impact; 
"gi ^a' ''ii ■velocities after impact. 

The ratios of the velocities of the balls before impact shew 
that, wnce they are at the same distance at a given time, they 
will be equidistant always, and therefore will impmge on one 
another at the same instant. 

Now observing that 2y — r or w is the relative velocity of A^ 
and A^ before impact, and w, — v, after impact, and also Zv — 2v 
or V the relative velocity of A^, A,^ before, and v^ — v^ after 
impact, we get 



which proves that v^, v^, v, are in arithmetical progression. 

Had (if) been a problem, disjoined from any proposition, it 
might readily have been solved thus : 

Impress on all three bodies a velocity = - 2d ; then A^ is 
brought to rest, the velocities of A^, A, are v and - v respec- 
tively ; i.e. they impinge (at the same moment) on A^ at rest 
with equal velocity {v). Therefore A^ still remains at rest, 
while A„ A^ bound back with equal velocities - ev, cu. Impress 
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on the whole system the velocity 27?. Then the velocitiea of 
A^, A^, A^ are 

2v — ev, 2v, and 2v + ev, 

which are in arithmetical progression. 

1849. {A). A heavy particle slides down an inclined plane of 
given height under the action of gravity ; find the time of 
descent and the velocity acquired. 

{£). If at the bottom of the inclined plane it rebound 
from a hard horizontal plane, what must be the inclination 
of the foimer that tJio range on the latter may be the 
isible? 



If k be the given height of the plane, V the velocity acquired 
at the bottom of it, 

7" = 2gh. 

Let now be the inclination of the plane to the horizon ; 
e the modulus of elasticity between the particle and the hori- 
zontal plane ; v the velocity with which, and $' the angle to the 
horizon at which, the particle rebounds. We have 

the range on the horizontal plane = — . sin 20'. 
9 

= - . (cos^ e + e'. sin^ 6) . sin W. 
Also tan^' = e.tan^. 



Therefore &Ya'l& = 



2 tang' _ e.sinSg 
1 + tan^g' ~ cos'' 5 + e\ sir 



V 
therefore the range = ^ .e.sinS^, 

This (since /* is given) will be greatest when 

sin2g = 1, or 2^ = 90", or ^ = 45°. 
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1850. (A). If a pai-ticle oscillate in a cycloid, the time of an 
oscillation will be independent of tlie arc of vibration. 

[Sj. A seconds pendulum was too long on a given day 
by a small quantity a; it was then over-corrected bo as to 
be too short by a during the next day: shew that the 

number of minutes gained in the two days was 1080 -^ 
nearly, if L be the length of the seconds pendulum. 
The result of the investigation in [A] is that 
/'■ 



time of oscillation = 



wJicre 1=2 diameter of generating circle, 

— radius of curvature at vertex of cycloid. 
If a pendulum of length I make snaall oscillations about one 
extremity, we may consider the other extremity as moving very 

nearly In a cycloid the radius of whose generating circle Is - ; 
and therefore 

time of oscillation = ?r . / -, 

Hence we can apply this formula to (B). 

Since L is the length of the seconds pendidum, 



v. 7 



.11). 



Let (, be the time of an oscillation (in seconds) on the first 
day when the length of the pendulum is i + a ; (^ on the second 
day, when the length of the pendulum is ij ~ a ; y^ the number 
of oscillatioi^ made on the first day ; r/^ on the second day. 
N the number of seconds in a day. Then 






'L + a 



■ (3), 
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■(4), 
■(5), 



and mimher of acconda lost or gained = {^i + ^j) - 2iV". 

N N 
Now y,-^ y^~ — + y from (4) and (5), 

(i+ir+('-iri*'''»"'<''' 

2 + - . --^ j iV, neglecting fourth &c. powers of y , 
■efore number of seconds gained 

therefore numher of minutes gained 
= 7 . ^, 24 X 60, 



1851. [A). If a body move from rest under the action of 
a uniform accelerating force, prove that the space moved 
over varies as the square of the time of motion. 

[B). If a body fall down an inclined plane, and another 
be projected from the starting-point horizontally along the 
plane ; find the distance between the two bodies when the 
first has descended through a given space. 
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Since the second body Is projected horizontally along the 
plane, it will, by tlie second law of motion, be affected by the 
action of gravity exactly in the same degree as the first body ; 
that is, the bodies will always be in the same horizontal line. 
Let then either body descend through the given space {s) in the 
time t ; and let V be the velocity of projection of the second body. 

The distance between the bodies at the time t — Vt. But, 

by (^), 

a being the inclination of the plane U> the horizon. Therefore 



"vG 



and tlicrefore the distance between the bodies 



^-^/k 



1851. (A). A ball impinges directly with a given velocity 
upon another ball at rest ; find the velocity of each after 
impact, their common elasticity being e. 

(B). If the vis viva before impact be n times the vis 
viva after impact, find their common elasticity. 

The fonnulie arrived at in the investigation of [A), (with 
the usual notation), are 

From these we obtain tlie two following relations : 
Mv + MV = MV, 
v-v' = -eV. 
Tlierefore {Mv + MV}' = «' V, 

and MM' {v - v'Y = MMVr\ 

Adding, 

{M+ if') {Mv' + M'v") = {M-^ <fM') . MV. 
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Now, by hypothesis, 

n.{Mv' + M'v") = MV. 
Therefore M + M' ^ n-iM+^.M'), 



therefore 



nM' 



1848. [A). K two imperfectly clastic balls, moving with 
given velocities in a straight line, impinge directly, find 
their velocities after impact. 

{£). If the first A, of three perfectly elastic balls 
placed in a line, impinge directly with a given velocity 
on the second B, so that B in turn impinges on the 
third C, find the mass of B in order that tiie velocity 
given to G may be the greatest possible, the masses of A 
and G being known. 

The formulae investigated in (,4) arc (see Goodwin's I)i/~ 
nics, Art. 50), 

.(r-F), 



-V' + {U 



'• M+AV 



Let M, M\ M" be the masses of the three bodies A, B, C; 
V the velocity of A before impact. Then, since B is supposed 
to be at rest before A impinges on it, and also, the bodies being 
perfectly elastic, e = 1, we have, for the velocity of B after 
impact, 

,. y^ y 

M+if 

Now B impinges on C at rest with the velocity v ; hence, if v" 
be the velocity of C after impact, 

" ~ M' + If " ■ * ' 
4Mf 

~ {M ^ M') IM' + M~) 
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We liave to find what value of M' will make v" the greatest 



; given 



7, M, and M". 



" will be the greatuat when ^ 'M'~~' '^ ' 

JfJf" 

MM" 
or when M' + -jjji- ia least. 

Let this quantity = u. Therefore 

M" - U.M' + MM" = 0. 
Whence if ' = ^m + y{u' - iMM"), 

from which we see that the least value which u can possibly take 
is given by u" = iMM" ; and we then have 
M' = 4m = ^(ilfl/""). 

1849. [^). How may a pendulum be made to oscillate in 
a cycloid ? 

(B). A pendulum which oscillates seconds at one place 

Is carried to a place -where it gains two minutes a-day ; 

compai'e tlic force of gravity at the latter place witli that 

at the former. 

When a body oscillates in a cycloid, the time of an oscillation 

ia IT ./-, I being the length of the pendulum. 

If tlie pendulum oscillates seconds at a place where tlie force 
of gravity is g, 

If at a place where the force of gravity is / it gains two 
N 
minutes, the time of an oscillation will be y- .^^j , N being the 

number of seconds in a day. 
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Therefore 
Hence 




[A). Define a cycloid, and prove that the are measured 
from the vertex to any point is equal to twice that chord 
of the generating circle which touches the curve at that 
point. 

[B). Hence deduce the radius of curvature at the 
vertex, and shew that the time of oscillation in a small 
arc of the generating circle will be half tlie time of 
oscillation in the cycloid. 



The radius of cur^'aturc at C\ (fig. 50), 

, or 



= ^ limit - 



= i limit figl", by(^), 
= 2limiti^', 



Again, by means of the property enunciated in (A), it is 
proved that the time of oscillation in the cycloid 



Vi- 
ve 



radins of cui-vature at C \ 



Hence, the time of a small oscillation in the generating circle 
GpB, which is the same as the time of oscillation in a cycloid 
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of which Cp£ is the circle of curvature, is 



V(^i. 



'V } )' 

= \ time of oscillation in the original cycloid. 



Hosted byGoogle 



( 72 ) 
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1850. (A). Find the pressure referred to a unit of area at 
any dcptt below the surface of a heavy incompressible 
fluid. 

(B), If from every point in the vertical side of a rect- 
angular vessel containing fluid a horizontal line be drawn 
proportional to the pressure at that point; find the loaia 
of the extremities of such lines ; and thence deduce the 
amount of the whole pressure upon one of the vertical 
sides of a cube filled with fluid, and the point of applica- 
tion of the resultant of the pressures. 
We obtain from {A) that 

pressure at any point of a fluid = cz, 
where <t = specific gravity of fluid, s — depth of the point below 
the surface. 

Let ABCD (fig. 51) bo a vertical section of the rectangular 
vessel. 

If from a point P in AB, a line PQ be drawn proportional 
to the pressure at P, PQ must, by the proposition, be propor- 
tional to AP. Therefore 

PQ 

-jp (= tan PA Q) is constant ; 

and therefore the locua of Q is the straight line A Q ; and there- 
fore the locus required is a plane making a constant angle QAD 
with tlie surface of the fluid. 

Let now the vessel be a cube of which AB=a is one vertical 
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Hince a is a immerioiil quantity, we may take 
PQ = <tAP, 
in whicli case PQ will represent the pressure at P. Hence the 
whole pressure on the line AB is equal to the sum of all the 
lines similar to PQ which lie between A and BB, i. e. — area 
ABM. Therefore whole pressure on a vertical side of the ciibc 
= volume of the solid of which ABB is a vertical section, 
= ^volume of rectangular box ABEL, 
= ^AB'. BB, 

= Jira'. 
Again, to determine the point of application of tlie fluid 
pressures on AB ia nothing more than to determine the point 
of application of a system of parallel forces proportional to lines 
sueh as PQ; which problem is exactly the same as that of find- 
ing in which of the lines parallel to BB, of whieb Uie triangle 
ABB is made up, the centre of gravity of the triangU ABB lies. 
We know that it lies in that line whicfa is at a distance ^AB 
from A \ the point therefore (in the vertical line bisecling the 
side of the cube) which ia at a distance ^a below the surface of 
the fluid, is tbe point of application of the resultant of the fluid 
pressures upon tlie side. 

1849. {A). Determine the whole pressure on a surface im- 
mersed in a heavy fluid of uniform density. 

{B). What must be the vertical angle of a conical 
vessel, in order that when it is placed with its vei-tex 
upwards, and filled with heavy fluid through a hole at the 
vertex, the pressure on the curved surface may be to tlie 
pressure on the base as 4 to 3 ? 

Prove that the ratio above mentioned camiot for any 
cone be less than 2 : 3. 
The whole pressure on a surface whose area is S, which is 
immersed in a fluid of specific gravity <r, and whose centre of 
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gravity is at depth s below the surface of the fluid, is 

If h, c, r are respectively the height of the cone in (.S), the 

length of the slant side, and the radius of tlie base, 

area of curved surface = -rrrc, 

and depth of its centre of gravity = |A; 

therefore whole pressure on curved surface {PJ = fo-.TrrcA. 

Again, area of base = 7rj-°, 

and depth of its centre of gravity = h, 

therefore whole pressure on the base (P^) = (inrr'Ji. 

2 c P 4 
Therefore ^ ~ "^ 7> '^ ^ ' ^^ hypothesis, 

therefore ~ ~ o ■ 

But if 8 be the semi-vertical angle of the cone, 



therefore sin ^ = ^, 

or e = 30' ; 

and therefore the vertical angle = 60°. 

' = - - ; and since for no cone can (i be less 

P 
than r, it appears that -^ can never be less than \. 

1849. {A). Determine the conditions of equilibrium of a 
floating body. 

(P). A cylindrical vessel, the radius of the base of 
which is one foot, contains water : if a cubic foot of cork 
(sp. gr. = '24) be allowed to float in the water, find the 
additional pressure sustained by the curved surface, and 
by the base, respectively. 
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That a body may float, ita weight must be equal to the 
weight of the fluid displaced, and the centres of gravity of the 
body and of tlie fluid displaced must lie in the same vertical 
line. 

The latter condition shews that the cubic foot of cork men- 
tioned in [B] will float in stabk equilibrium with a side hori- 
zontal ; and then the former condition gives ub [if a; is the 
depth to which the cork will sink, expressed as a fraction of 
a foot), 

(sp. gr. of water) x (1 sq. ft.) . x = (sp, gr. of cork) , (1 cub. ft.), 
or x= -24. 

Again, if J be the height through which the water rises when 
the cork is put in, the fact that the volume of the water remains 
the same givea 

1/ (area of base of cylinder) = volume of cork immersed, 
or y.-TT = '24 [■.■ radius of the base of the cylinder = ] ), 
■24 

■'■ ^"V 

Now the increased pressure on the curved surface will clearly 
be equal to the pressure on a strip of the cylinder of length y 
supposed added on to the bottom of the cylinder; i.e. (if h is the 
original height of the water) 

= Stt-^. (A + ^y), sp. gr. of water being 1, 

The increase of pressure on the base 



Ohs. These numerical results give the ratios of the pressures 
to the weight of a unit of volume of water. 
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1849. (A). Define specific gravity, 

(B). The specific gravity of coal is about 1-12, that of 
water being I, and a cubic foot of water weighs 1000 oz.; 
find the edge of a cubical block of coal which weighs 2000 
tons. 
The specific gravity of a substance is the ratio of the weight 
of any portion of its volume to that of an equal voliunc of some 
standard substance whose specific gravity is taken as unity. 
Hence, water being talten as the standard substance, 
specific gravity of coal 

~ water ' 

_ weight of a cubic foot of coal 
~ water ' 

therefore weight of a cubic foot of coal = 1'12 x 1000 oz. 

= 1120 oz. 

= ^ton; 
therefore weight of 2000 x 32 cubic feet of coal = 2000 tons. 
Thus the volume of the block of coal is 64000 cubic feet, and 
the edge Is therefore 40 feet. 

1850. [A], Define specific gravity. Given weights of sub- 
stances of known specific gravity are compounded ; find 
the specific gravity of the compound, 

[B]. Eleven ounces of gold (sp, gr. 19.3) are mixed 
with one ounce of copper (sp. gr. 8.8), find the specific 
gravity of the compound, aoppoaing its volume to be the 
sum of the volumes of the two metals. 
The result of the investigation in I A) ia 

, W+ W 
sp. gr. of compound - atr . ^-^r- ^^'W ' 

assuming that the volume of t!ie compound is the sum of the 
volumes of the components. 
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ht{B), ,r = isa, ,t'.8-8, W=11oz., W = 1 oz. 
Therefore specific gravity of compounfl 

= ( 19.3) . (8.8) . yj-!^ , 

^ I "^ ' 19.3 X 1 + 8.8 X 11 ' 

= (19.8). (8.8). jHj, 

-(19.3). (8.8). jI-,, 

_ 679.36 

38.7 ' 
= 17.5054 

1848. (-/I). Describe the experiment wliich shews that tJic 
pressm-e of air is proportional to its density while the 
temperature remains constant. 

[B). A sti-aight vertical tube is closed at its lower end; 

how much of a given liquid can be poured int« it, the air 

which originally filled it being compressed at the bottom 

of the tube ? 

Let a be the length of the tube, a; the length of that portion 

which is filled with fluid (specific gravity a), II the pressure of 

the atmosphere, P the pressure of the air when compressed In 

the tube. 

Since by (A) the pressure of fur varies as its density, and 
therefore inversely as the volume it occupies, 
F _ a 
n ~ a - X ■ 
But P supports the weight of a column of fluid whose height 
is x^ together with the pressure IT on the sio^'ace of the fluid ; 
therefore 

p = <7.x + n, 

= ^{x + h], 
if k is the height of a column of fluid whose welglit is equal to 
the pressure of the atmosphere. 
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Therefore ~T~ ~ fi ~ ~ ' 

therefore (a - A) a - ic' = 0, 

and a: ~ a — hj 

gives the length of the column of fluid in the tube. 

185Q. {A). Give the experiment from which it is inferred that 
the pressure of air at a g^ven temperature varies inversely 
aa the space it occupies. 

K the temperature vary, what relation exists between 
the pressure, the voliime, and the temperature ? 

[B). A given quantity of air imder the pressure of m 
pounds to the square inch, occupies n cubic inches when 
the temperature is (; find how many cubic inches it will 
occupy imder the pressure of m pounds to the square inch 
when the temperature is t'. 



The answer to the second part of (A) is 

n = ^ — — , where ( is temperature and v volume. 

The first condition in [B) gives IT = m lbs., v = n cubic inches, 
corrcsponduig to temperature t. Therefore 

'■"fi'-^ (.)■ 

The second condition gives H = j»' lbs., v ~ x cubic inches, tlic 
required volume for temperature ('. Therefore 



-p.. . ,. „ in X 1 + at 
Jhjhminatmg B, —,- - . , 

tlierefore x — n —, , 

m 1 + a( ' 

where a. is the expansion of a cubic inch of air for 1° of increase 
of temperature. 
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1850. {A\. Sliew how to graduate a thermometer, and to 
compare the scales of two differently graduated tlier- 
mometers. 

{B). The number which expresses a certain tempera- 
ture on the centigrade scale is equal to the sum of the 
numbers which express the same temperature on Fahren- 
heit's and Beaumur's respectively ; find the numbers. 

From {A) we have, if a, a, be the graduations of the boiling 
point; &, h', of freezing point; and x, x, of any given tempera- 
ture in the tw-o thermometers, 

x~ h _x' — h' 

In the centigi'ade scale a = 100, J = 0. 
In Fahrenheit's a = 212, h = 32. 

In Reaumur's a = 80, 5 = 0. 

TJierefore a;, x\ x", being numbers wluch represent a certain 

temperatm-e in the three scales respectively, 

X ai' - 32 _ ^ 

Too ^ 180 " 80 ' 

X _x' -Z-i _ x 

Also, by hypothesis, x = x + x". 

From these three equations M'e have to detei-mine a;, .t', x". 

We have x = %x + 32 + far, 

or -ix = 32. 

Therefore x = - ^0° Centigrade. 

Therefore x' ^ ^x + 32, 

= - 36 + 32, 

= — 4" Fahrenheit. 
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1851. {A). Describe the Common Barometer. 

{£). If there be a small quantity of air in the tube 
above the column of mercury, what will be the effect on 
the indications of the barometer ? 

(0). A faulty barometer indicated 29*2 and 30 inches 
■when the indications of a correct instrument were 29-4 
and 30'3 respectively, find the length of tube which the air 
in the tube would till under the pressure of 30 inches. 

Let h, X, be respectively the true and false readings of the 
barometer ; c the length of tube occupied by a small quantity 
of air in the upper part of the tube when under the pressm-e 
indicated by tlie reading {k) ; a the whole height of the tube 
above the lower surface of the mercury ; a- the density of the 
mercury. Then 

pressure of external air = wt, of column of mercury of height x 
+ pressure of air in upper part of the tube, 

or (tA = o-a; + (7^ . , 

therefore }i.{a- ^^ — ^[a — x) ■\- ho. 



which gives the true reading. 
The eiTor produced = h. — x, 



In (C) we have to apply this result to a numerical example. 

When the faulty barometer indicates 29-2 (=a;), we have by 
the time one, k — 29'4 inches; and therefore the error produced 
is '2 inches. Also let c = Cj ; therefore 

c^.29-2 _ 
~ a- c^- 29-2 ' 
therefore a- c^-~ 29-2 = l-16c„ 
tlierefore a — 29-2 = 147c, (!}. 
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Again, when the fnulty harometer indicates 30 inclies, the 
error is "3, and e = c^, suppose ; 

therefore -3 = — Al^^ 

« - c^ - 30 ' 

therefore « - 30 = lOlc^ (2). 

Ehminatiiig a from (1) aiid (2), 

UTe, - 101c, = -S. 

Also, since the naass of air in the tube is the same, the vo- 
lumes it successively occupies are proportional to the pressures ; 



Let c' be the length of tube which the air m tlie tube would 
fill under the pressure of 30 inches, so that 

therefore c' — I'Ol. — - 

101 

= '016 of an inch. 

1850. {A). Describe Nicholson's Hydrometer. 

{B). Given two weights which cause the instrument 
to sink to a certain depth in two fluids, find the weight 
■which will make it sink to the same depth in a mixture 
of known volumes of the two fluids. 

Let 10 = weight of the instrument, 

V — volume of fluid displaced. 
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Wj, W^ the weights which sink the hydrometer in two fluids 
whose specific gravities arc o-^, a-^ respectively. 

Then «? + TT, = a,v (l), 

w + W^ = a-^v (2). 

Let now W be the weight necessary to sink tlie instrument 
to the same depth, in a fluid compounded of vohimes F„ V of 
the above fluids. Then, obseiwing that the specific gravity of 
the mixture will be - 



K + K 

W+W ' 


»-,F, + <r,F, 


tv w - 





■P); 



Also, from (1) and {3), 



VW +VW 



F, + F 



1849. (A). Describe Smcaton's Air-pump, and find the den- 
sity of air In the receiver after any number of ascents of 
the piston. 

{B). If instead of the receiver we use a cylindrical 
vessel of ten times the capacity of the barrel, and cover 
the upper extremity with a diaphragm capable of aistain- 
ing only half the pressure of the atmosphere, find after 
how many ascents of the piston the diaphragm will burst. 
Given 

logj„2 = 0.3010300, 
log,„U = 1.0113927. 
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Generally, if A, B be the capacities of the receiver and barrel 
respectively, p the density of atmospheric air, p^ the density of 
air in the pump after n ascents of the piston, 






B) 



Here A = 105; and if n is the number of ascents of the 
piston just before the diaphragm bursts, p^ = ^p, since it is only 
capable of sustaining half the pressure of the atmosphere ; 



log ,.2, 



■0413927 

= 7-2... 
Hence the diaphragm wiil burst during the 8*^ ascent. 



tliere 


fore 


i-[ri)-' 


there 


fore 


»(iog,.ii-iog..io).: 


or 




■og,.ll - I 
■3010300 



HosMbjGoOglc 
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OPTICS. 

1849. (A). Wlieii rays diverging from a point are incident 
on a plane mirror, prove tliat tlie reflected rays diverge 
accurately from a point, 

[B). Within what spaee must the eye be situated to 
see a given point by reflection at the mirror ; and within 
what space must a point be situated to be seen by the 
eye in a given position? 

Let AB bo the mirror ; P (fig, 52) a given point. Its image 
will by [A), be a fixed point ji equally distant from the mirror 
on the opposite aide. Join BA, j>B, and produce these lines 
to Q, B. Then will QfR be the reflected pencil, and conse- 
quently QABR the space within which an eye must be situated 
in order to see^. 

Again, let E (fig, 63) be the eye in a given poaition. Draw 
the lines EAg^, EBr. Then the image of the pomt must lie 
in the space qABr; and therefore, drawing AQ, BR at the 
same inclination to AB as Aq, Br respectively, the point, in 
order to bo seen by the eye at E, must lie within the space 
QABR. 

1851. [A). A luminous point is placed between two parallel 
plane mirrors, find the position of the successive Images. 

(JS), When the luminous point moves uniformly in a 
straight line, shew that aU the images will move uniformly 
in two sets of parallel straight lines which are equally 
inclined to the mirrors. 
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Let Q {fig. 5i) be the luminous point. Then if wc consider 
tiie raya which fall first upon the mirror A, an image Q^ is 
formed, then an image Q^ of Q^ by the mirror B, then an image 
Q^ of Q^ by the mirror A, and so on. And a similar set of 
images will be formed by the rays which fall first on the mirror 
S. 

Now if Q move along a line QP^, Q^ will by tlie nature 
of reflection move along Q^P,. Let Q,P, produced meet the 
mirror i? in P^; then Q^ will move along Q^P^. So Q^ will 
move along Q^P^l and so on. 

Thus the alternate images will move along two seta of lines 
respectively parallel to Q,P„ QP, ; lines which are equally in- 
clined to either mirror. 

It is clear that the same holds also for the images formed by 
rays falling first upon the mirror B. 

1851. [A). Two rays are incident at any point of a spherical 
mirror whose centre is S, the one parallel to the axis of 
the mirror, the other proceeding from a point Q in the 
axis, and the reflected rays cut the axis in G and q re- 
spectively; shew tliat GQ.Gq= GE'. 

[B). If the axis AE of the spherical mirror meet the 
surface produced in 2i, shew that a ray proceeding from S 
and making an angle of 30° with the axis, will bo reflected 
to the principal focus of the mirror. 

Let the ray BP (fig, 65) incident at P make an angle of 
30" with BA. Join PA ; and let Pq be the reflected ray. 

It is clear that the triangle APE is equiangular and there- 
fore equilateral. Hence a ray incident at P parallel to BA 
will be reflected in PA. Applying therefore the fonnula of [A], 

Aq.AB^AE^^AP'; 
which shews that Pq is perpendicular to Aq; 
and therefore Aq = qEj 

or q is the principal focus. 
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1851. (A). If parallel mjB be Incident directly upon a 
spherical refracting surface, the distance of the gcomer 
trical focus of refracted rays from the surface is to its 
distance from tlie centre as the index of retraction to 
unity. 

(B). A pencil of parallel rays is incident directly upon 
a spherical refracting surface, and after refraction con- 
verges to a point at a distance from the surface equal to 
three times the radius ; find the index of refraction, (1) 
■when the surface is concave, (2) -when it is convex. 

By (A), if (figs. 56, 57) be the centre of the refractor, 
F the geometrical focus of rays parallel to the axis, 

AF: OF:: [J.: 1. 

In{B), AF^SOA, 

and, whether tlie refractor be concave or convex, 

0F=AF-0A = 20A; 

therefore, in both cases, 

AF , 

1849. (-4). When divergent rays are incident nearly per- 
pendicularly upon a spherical refracting surface, the dis- 
tance of the focus of incident rays from the principal focus 
of rays coming in a contrary direction, is to its distance 
from the centre of the refractor as its distance from the 
surface to its distance . from the geometrical focus of 
refracted rays. 

(B). If the conjugate foci are each at a distance from 
the surface equal to twice the radius, what is the index 
of refraction? 

In [B), since the conjugate foci (Q, q) (fig. 58) are on opposite 
sides of the surface, the refractor is convex. Let be its centre, 
^the principal focus of rays coming in a contrary direction. 



Hosted byGoogle 



OPTICS. 87 

By (A), QF:QO::QA:Qq. 

But by hypothesis, AQ = Aq = 20A; 
therefore QO = BOA, ^2 = 2 QA. 

Hence, Bubstltutmg QF: dOA :: I : 2, 
or QF=^OA; 

therefore AF= AQ ~ QF = ^0A, 

and OF=OA-^- AF=^OA. 

But ^i^tOii"::/:!: 1, 

(Goodwin's Course, Optics, Art. 39, 3rd edit.) 
AF 
'' OF 



therefore H- ~ 1 



1848, {A). The image of a straight line formed by a plane 
refracting surface is a straight Ime. Why does a straight 
rod appear bent when partly inunersed in water? 

{B). What must be its inclination to the horizon when 

its apparent portions are inclined to each other at the 

greatest angle? 

Let ABQ (fig. fi9) be a rod partly immersed in water, Q any 

point of tlie rod under water, qBa the direction after refraction of 

the ray from Q which falls in the direction QB. Then to a 

first approximation, q will be the image of Q, and qB will be, 

by {A\ the apparent position of the portion BQ of the rod. 

Now the aiiglc between the apparent portions of the rod, 
viz. the LQBq, is also the deviation of the ray QB. But the 
deviation increases as the angle of incidence increases; the 
angle therefore between the apparent portions of the rod will 
be greatest when the angle of incidence of the ray QB is great- 
est, i.e. when it equals the critical angle for water = 48° 30', or 
when the inclination of the i-od to the horizon is 41° 30'. 
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1850. (A). Point out the distinctiou between a real and 
virtual image. 

(B). A plane mirror is placed perpendicular to tlie 
axis of a concave spherical reflector, nearer to the prin- 
cipal focus than to the face, and between tliein ; rays 
from a very distant object fall directly upon the sphencal 
mirror: trace the pencil by which an eye will see the 
image formed after two reflexions at each mirror. 

Let (fig. 60) be the centre of the spherical mirror, F the 
principal focus half-way between and the miiTor, aCb the 
plane mirror, OF being less than CA, E the position of the 
eye, 

Take Gq = CF; then q^ will lie on the right of the mirror. 
The focus conjugate to q^ will be at a point g^, such that 

1_ _1 2_ 

~A^^'^A^,~Ad' 

Again, take C'q^ = Cq^ ; join Fq^, meeting the plane mirror 
in -B,, — -Bigj, meeting the spherical mirror in 5,^, — S^q^ meet- 
ing, when produced, ab in M^, — FB^, meeting, when produced, 
the spherical mirror in i^^j and lastly, draw S^Q parallel 
to AO. 

Then will QUJt^R^fl^E be clearly the course of the axis 
of the pencil by which the eye at E sees the distant object 
ailer two reflexions at each of the mirrors. 

The image seen will be at q^^ which, since the rays do not 
actually pass through it, is a virtual one. 

1850. [A). A ray of light is refracted through a prism in 
a plane pci'pondicular to its edge ; find the deviation 
produced by the refraction. 

(B). A speck is situated just within a glass sphere j 
shew how much of the surface of the sphere must be 
covered in order that the speck may be invisible at all 
points outside the sphere on a line drawn from the speck 
through the centre. 
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If <f>, 1^, be tlie angles of incidence and emergence of a ray 
■wLich passes through a cone whose vertical angle is », the 
deviation — <p + -^ — i. 

Let now A (fig. 61) be a speck just within a glass sphere 
ABB. Let AD be a ray which, after refraction, is parallel to 
BC'j this will clearly be the ray which makes the greatest 
angle with AB of all those which enter an eye situated in 
BO. Draw the two tangent planes to the sphere at D and A, 
meeting in E. Then, (since it is immaterial whether we con- 
aider it as just inside or just outside the surface,) ABF may 
be regarded as the course of a ray refracted through the prism 
AED; and our object is to find how this prism must be 
situated in order that the emergent ray may be parallel to BC. 

We have <p = LOAD. 

In order that the emergent ray may be parallel to BG, tlie 
deviation must = ADA = <J3; 
therefore = ^ + i|r - *', 

or ■^ = s • 

Also 24, = iDOB^i=^; 

therefore sin if- = fL . sintfi 

= ju-sinli/r; 
or 2 cos ^T^ = /I, 

therefore i|r = 2 cos"' Ifi 

= lDOB. 

Hence the portion of the sphere which must be covered Is 
that which subtends an angle DOU = 2LD0B - 4 cos-'^/i. 

1851. [A). Shew how to find by experiment the focal length 
of a lens. 

(B). The least distance between an object and its 
image formed by a plano-convex lens of glass is 12 
inches ; the index of refraction being f , find the radius 
of the spherical sinface. 



Hosted byGoogle 



90 SOLUTIONS OF SENATE-HOUSE 'RIDERS.' 

The focal length of a convex lens may he foimd experi- 
mentally hy observing the least distance between an object 
in the axis of the lens and its image formed by the lens. For 
let Q {fig. 62) be the object, q its image, AQ'^u, Aq = v, 
f focal length of lens, 

therefore Qq = — ^ -i- u 

= X, suppose 5 
therefore u" — xu = —fi:, 

which sliews (since u must be a possible quantity) tliat the least 
value of ic = 4/1 

Thus /= i of least distance between Q and its image. If 
the lens be concave, the focal length may be determined by 
the same experiment, by placing it in contact with a convex 
lens. (See Griffin's OpHcs, 2nd edit., Art. 167). 

In [B] we have given that the least distance between an 
object and its imago is 12 inches; 
therefore /= i^ = 3 inches. 

But if r be the radiuB of the ciUT^ed surface, 

^ = O - 1) , ^ , disregarding the sign, 



'■-U 
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1848. {A). Describe the Astronomical Telescope; trace the 
cowrae of a pencil of rays from any point of a distant 
ohject, and find the magnifying power. 

{B). If the focal lengths of the lenses be 12 inches 
and 1 inch, how far must the eye-glass bo moved for 
viewing an object at a distance of 40 feet from the 
object-glass ? 
Let A, a (fig. 63) be the object and eye glasses of an Astro- 
nomical Telescope, p the image of an object 40 feet dktant 
from A. 

Then, since A is a. convex lens of 12 inches focal length, 

2 L = _ Jl. 

Ap 480 ~ 12 ' 



Ap 1 

Ap = - - 



-(l2 + i^)m. 



And since ap = 1 inch ; therefore Aa ^ 13 + ^ inches. 

Now when the instrument is in adjustment for viewing a 
distant object, Aa = 13 inches. Hence the eye-gkss has to be 
pulled out ^ of an inch. 



Hosted byGoogle 



NEWTON. 

1850, {A). Enunciate and prove Newton's second Lemma. 

(B). Hence shew that two quantities may vanish in 
an infinite ratio to eacli other. 
Taking the figure as constructed in the Lemma, we have 
it proved by the Lemma that the sum of the parallelograms 
oi, Jc, cd,* &c, vanishes in the limit ; and ft fortiori the paral- 
lelogram ah vanishes. But in the limit the munber of these 
parallelograms is infinite, and therefore the above-mentioned 
sum is infinitely greater than tlie parallelogram ai. Hence two 
quantities may vanish in an infinite ratio to each other. 

1849. {A). Enunciate and prove Newton's fourth Lemma. 

(-B), In Lemma x., if the velocity vary as the square 
of the time, shew that the space will vary as the cube of 
the time. 
In Lemma X. the time is divided into equal intervals re- 
presented by the lines AB, BG, CD, ... (fig. 64); the velocities 
bemg represented by lines perpendicular to these, Bb, Oc, Dd. 

It is hence shewn that if Ak be the curve passing through 
all the points &, c, d, &c., when brought indefinitely near to one 
another, 

space in time AD : space in time AK :: area A.Dd : area AKk. 
Let the time AK be divided into the same number of equal 
parts as AD is divided into. 

Then, since the velocity varies as the square of the time 
in which it is generated, the parallelogram Ab is proportional 
to AB% Bo to BC.AG' or 2\AB% CD to Z^AB"; and 
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80 OH. Similarly, if AB\ B'C, &c. are the intervals into 
which AK is divided, Ab' will be proportional to ^C", 
B'c' to 2^^-B'', C'd' to 3" .-45", and bo on. Thus the ratio 
of each one of tlic former series of parallelograms to the corre- 
sponding one of the latter series is AB^ ; AB'^, or (since the 
number of intervals in AD, AK is the same), AB^ : AK'. 

But by Lemma iv. the curvilinear areas ADd, AKh -will bo 
in the same ratio. 

Therefore, from above, 

space in time AD : space in time AK:: AD^ : AK', 
or the spac^ are proportional to tlie cubes of the times. 

1851. [A). Enunciate and prove Newton's fourth Lemma, 

[B). Apply this Lemma to prove that the area included 

between a hyperbola and the tangents at the vertices of 

the conjugate hyperbola is equal to the area included 

between the conjugate hyperbola and the tangents at the 

vertices of the hyperbola. 

Let the semiaxes GA, CD, (fig. 65) of tlie hyperbola be 

divided each into the same number (w) of small equal parts. 

Let mm' be the {r+ 1)"' part of CB, counting from G; so that 

,nm- = —, and PN=Cm = ~.BC. 

Now ON' -AG'= AN.NM = ^' . FN'' 

= '^.AG^; 

therefore GN = AC . / U ^'-^j . 

Hence the area of the small parallelogram in P is 
mnLiiiP 
= ~.GN 
BG.AO 



BG.AG // 
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94 SOLUTIONS OF SENATE-HOUSE ' RIDEES'. 

Now the conjugate hyperbola ia a concentric hyperbola 
having AMior its transverse axis. Hence, if we divide BGAK 
into n parallelograms of equal breadth parallel to BG, wc shall 
find the area of the [r + 1)'" parallelogram from G 

by the formula already proved. 
We therefore have 



area of corresponding parallelogram in fig. CK 
Thus wc have divided the figs. BCAK, BGAL into the same 
number of pai-allelograms, each of which in one figure has 
ultimately to the corresponding one in the other a ratio of 
equality. Hence, by the Lemma, the figures themselves have 
to one another a ratio of equality ; and tlierefore the figures 
KK\ LL\ which are four times the former figures, are equal 
to one another, 

1849. {A). Define similar curves. 

[B), Shew that all parabolas are similar to each other. 
(C). Describe an instrument which is adapted for 
drawing curves similar to given curves. 

Two curves are said to be similar, when there can be drawn 
in them two distances from two points similarly situated, such 
that if any two other distances be drawn equally inclined to 
the former, the four arc proportional. (Evans's Newton, Cor. 
to Lem. V.) 

Let P (fig. 66) be any pouit in a parabola. Draw the 
tangent BT and the perpendicular PY upon it from the focus. 

By the property of the parabola, 

SY" = 8A.8P; 



therefore 



SB _ Sy 

8A " SA" ■ 
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NEWTON. 95 

Let A\ $', Y', be points in any other parabola corresponding 
to A, S, Y; P a point in this new parabola, such that 
lAS'F = lA8P. 

^ , 8'P' 8'T' 

Then, as above, "o\J' ~ "^M^ ' 

Now since the lA'ST^lASP, therefore the lA'S' Y'=lA8Y. 
Hence tlic triangles A'S'T, ASY&re similar, and therefore 
S'T _ 8Y 
S'A' ^ 8A ' 
8-P _ 8P 
8' A' 8A ' 

which, in accordance with the above definition, proves the 
parabolas to be similar. 

Again, let it be required to draw a ciu've similar to a given 
curve APB. 

Let SC, be (fig. 67) be two equal parallel rulers joined 
together by two equal parallel rulers Bh, Cc on hinges at 
S, h, 0, c. APp a rod moveable about a hinge at A. 

If now we suppose PC, be, and APp to have each a lon^- 
tudinal slit, then, by making a pin paasmg through both rods 
APp, BG at P to move along the curve BPA, a pencil passing 
through the intersection of APp, bo will trace out the curve bpA 
similar to PPA. I" or, since BP is parallel to hp, therefore 
AP:Ap::AB:Ah. 

1851. (A). The spaces described from rest by a body under 
the action of any finite force are in the begimiing of tlie 
motion as the squares of the times in which they are 
described. 

(_B). If the force vary as the time from rest, prove 
that the velocity will vaiy as the square of the time. 
Let the same system be pursued in [B) as is adopted in the 
Lemma; le. let AB, SO, GB, &c. represent equal intervals into 
which the whole time AK is divided. 
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Let the lines Bh, Co, D(i, {fig. 68) at right angles to AK 
represent the magnitudes of the force at the end of the times 
AB, AG, AJJ, &c.... Since, by hypothesis, the force varies aa 
tlie time from rest, the points h, c, d, &c, will all lie in a straight 
line through A, 

If we complete the rectangles Ah, Be, Cd, &c., these will 
represent the velocities generated in the intervals AB,BG,CD,... 
on the supposition that the force remains the same during any 
interval as it is at the end of such interval. Hence, by reasoning 
similar to that in the Lemma, the limit of the sum of all tlie 
rectangles, i.e. the triangle AKk, will represent the whole 
velocity actually generated In the time AK. 

Thus we get 
velocity in time AK: velocity in time AD::s.rea, AKk : area^Dc/ 

v.AK^-.Ak'; 
i. 6. the velocity cc square of the time. 

1850. {A). If a body move In free space under the action 
of a central force, the velocity at any poiat of the orbit 
varies inversely as the perpendicular let fall from the 
centre upon the tangent. 

(B). If lines proportional to the Earth's velocity, and 
always parallel to the direction of its motion, be drawn 
from a fixed pomt, shew that the extremities of these 
lines will trace out a circle. 

Let the lines be drawn from tho focus, and let p be the 
length of any one of them. Then, since p' is by hypothesis 
proportional to the Earth's velocity, and by (A), the Earth's 
velocity is inversely proportional to the perpendicular [p] from 
the focus on the direction of the Eaith's motion, i.e. the tangent 

to the orbit, y' must be proportional to - , therefore 



We have then two lines always at right angles to i 
another, such that their lengths are symmetrioally related ; 
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B tl it there 1 n til ug t d sting^iish ne ti m ti c nther ISow 
the extiemiti oi p tnceb out a cucle by the piopprt^ of the 
elhp=!e theiefore il-fo the e"Hiemit> Qijj will tiace out a (.ircle 

It IS eleai that the f\ct stated m {B) hiTing been ira^el 
true for lines driwn fiom tlie tjuT^ ^\ II be tut. t i lues 
similaily drawn fi(m any fixed pomt 

1851 [A) If seveiil bodies revolve rounl a common centre, 
•xaSi the centnpetil foice ^xr^ mxersely a« the square of 
the diBtiTice the 'velocities of the bfdiea are in i latio 
c mpounded of thu rati ot the peipendiculais in^ersel}, 
and tht suhiuihcite rat o ot the latera lecti directl} 

{B) The 'velo itv of a body revohing m any conic 

section is to the velocity of i bodj revolving m a cirtlt, 

at the distance of half the latus lectnm is that distance 

is tl the pcipenliciUi fiim the focus upon the tangent 

From (4) wt obtnin th t m anj conic section desciibed 

round a centre of force in the focua varying as t^ . 

■^ * (distance)'' ' 

r QC ■ — , 
P 
where p is the perpendicular on the tangent from the focus, and 
L the semi-latus-rectura. 

If M is the velocity of a body moving about the centre of force 
in a circle whose radius is L, we havc^ = £, and therefore 
ii 



1848. {A). The centripetal forces of bodies which describe 
different circles with uniform velocities tend to the centres 
of the circles, and are to each other directly as the squai-ea 
of the arcs described in the same time, and inversely as 
the radii of the circles. 
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98 SOLUTIONS OF SENATE-HOUSE ' RIDERS.' 

(B). How much must tlie length of the Jay be short- 
ened, in order that the rotation of the Earth may be 
sufficiently rapid to destroy the weight of bodies at the 
equator? 

Let Qi be the angular velocity of the Earth about its axis, 
or the angle through which it revolves in one second; r the 
equatoreal radius. 

The velocity of any point in the equator = Mr, and therefore, 
by (^), the centrifugal force on sucli point due to the Earth's 

rotation = ^^ — ~ = mV. Hence, if / be the force on the same 

point arising from tlie attraction of the mass of the Earth, 

Let now w' be the angular velocity of the Eai-th when bodies 
have no weight. Then 

/-«'v = o, 

tJiercfore {co"' — w^) j- = ^, 



«-^/^"-)• 



therefore (o = ^r=; 

and, if ( be the length of the day (in seconds) m the supposed 
case, ^' I 

2^^ 7' 

therefore w' = — ; 

• Observe, it is necessary that <" be the angle described in one seeoiii/, 
because the expression ^ = 32.2 feet assumes one second to be the unit of time. 
It must also be noL"d that r is expressed hi feet. 
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therefore t ^ UttN , /(-—JL_^] , 

and the number of Hecouda by which tlie day muat be shortened 

■)\-. 



V(^^ 



1851. {A). The cpiitripetal forees of bodies which describe 
different circles witli uniform velocities, tend to tlie centres 
of the circles, and are to each other as the sqitares of the 
arcs described in the same time divided by the radii. 

[B). (rive a fonnula for Bnding the height of a body 
which moves under tlie attraction of the Earth in such 
a way as always to be vertically above a point in tlie 
equator, stating the numerical values of tlie quantities 
appearing In the result. 

Let a be the equatoreal radius of the EaiiJi ; &» tlie Earth's 
angular velocity about its axis ; ff the force of gravity at the 
equator; h the height above the Earth's surface of a particle 
which always i-emalns over a point of the eqnator. 

In order that the body may move iu the proposed manner, 
t.e. in oi'der that it may describe a circle of radius h + a with 

angular velocity m, the centripetal force must a; J^£^ ■ jn fp^t 
radius ' 
, (velocity}' {01(^ + 0)!' 



But the force acting on the body = ff--/j- 
since the attraction of the eartli 



(distance) 

Equating therefore the two expressions for the centripetal 
force, 
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therefore h = f '^ j' - a. 

In this expression, the niunerical value of g in 32'18 feet 
nearly, of a, 20921665, (because, g being expressed in feet, a 

27r 
must also be expre^ed in feet), and of », 04 v go v 60 ^^ 

■00007272233, (since a second is assumed to be the unit of time 
in the expression for g). 

1849. [A). A body describes a parabola under the action of 
a force parallel to the axis ; determine the law of force. 

[B). Find the velocity at any point, and the time of 
moving from the vei-tex to the extremity of the latus- 
reetam. 

From {A) we obtain that the force = 7t^'7T5' ^^^"^^ G 
(the centre of force) is a point in the axis of the parabola so 
remote from j1, that it may be considered at the same distance 
from any point of the pai-abola as from A, Hence the force 
is constant; let it equal/. 

Then, if the velocity at P = F, 

F' — \f. (chord of curvature parallel to the axis), 
-if.iSP, 
^Sf.SP. 

Again, let t be the time of moving from the vertex to the 
extremity of the latua-rectum ; and V the velocity at the vertex. 

Since the force acts parallel to tbe axis, It is clear that t 
will be the time in which a body would describe the semi-latus- 
rectum with a uniform velocity V, 
therefore iL = V't; 
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V(^^- 



1848. (-4). Find the law of force tending to the focus of a 
parabola. 

[B). If the ktus-rectum of a parabola is 24 feet, and 
the velocity of a body revolving in it at the vertex is 2 
yards per minute, find the time in which the body moves 
from the vertiex to one eud of the latus-rectum. 

From [A\ tlie force at any point P (fig. 69) of the parabola 

where i^ — -^, L being the latus-rectum ; 

we hence obtain, velocity = a/[ >?p) * 

Let ( be the munber of seconds the body takes to move from 
A to B. Then k being 2 sectorial area described in 1", 

2 area A8B _ 4 AS. SB _ I I/_ 
*~ h ~r h ~6'h' 

1 IJ 1 L^ 



But . /(;ji.) = velocity at A ; 



or \/{~T'] — 1*5' (*i°'^*5 2 yards per minute is -^ of a foot 

per second), 

20 L^ 20 _ 20 ^ , 

'^ = — .24 = 160 seconds, 

- 2J minutes. 
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1849. {A). Find the law of force under the action of which 
a body may descnbe an ellipse, one of the foci being tlic 
centre of force. 

(B). If V, v be the velocities at the extremitieB of any 
focal chord, and m that at the extremity of the latnB- 
rectum, then will if, m", v", be in arithmetical progression. 

By {A) force to the focus = -^^ , 

The velocity at any point of the ellipse is that due to J of 
the chord of curvature through the focus ; 



therefore 



/* 


CD' 


SP- 


■AC' 


f^ 


SP.HP 


SP 


■ AC"' 


M 


2AC- SP 


5P- 


AC ■ 


2ii 


/* 


SP' 


AC' 



Simikrly, if v be the velocity at tlie other extremity of the 
focal chord PSl", 

In the same maimer, if u is the velocity at the extremity of 
the latos-rectum and L the semi-length of the latus-rectum, 

.J _ 2/:* fj. 
" ~T~Ad' 



'ix- 



HosMbjGoOglc 



NEWTON. 

But by a wcll-kiiown property of the ellipse, 
1 1 _ 2 

WP + 8F " L ' 

therefore W ' 1^ J.' W'' 

therefore v''' ~ m" = w' - v', 

or y", w", v"\ are in arithmetical progression. 
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EXAMPLES ¥0R PRACTICE. 



EUCLID. 



[A). Book I. prop. 26. 

[B). The sides AB, AG oi a, nght-angled triangle, in whicli 
A is the right angle, are produced ; if the lines bisecting 
the exterior angles meet in 0, and perpendiculars be drawn 
to the sides produced, shew that the figure OMAN is a 
square. 

[A). Book I. prop. 32. 

{B). A semicircle ABDG is trisected by the straight hncs 
OB, OD drawn from the centre ; shew that the line 



jommg 



B, bisects OB. 



(A). Book I. prop. 34. 

(B). Shew that any straight line passing through the middle 
point of the diameter of a parallelogram bisects the paral- 
lelogram. 

{A). Book I. prop. 39. 

[B). Two straight lines AG, BD, cut in E. If the triangle 
ABE equal the triangle CED^ and the triangle AED equal 
the triangle BEC, the figm-e ABGD is a parallelogram. 

[A). Book TIT, prop. 11. 

[B). If two circles toTich each other internally, and any 
circle be described touching both, prove that the sum of 
the distances of its centre from the centres of the two 
given circles will be invariable. 
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[A]. Book III. prop. '22. 

(jB). If all the angles of a qiiadrilateral inscribed in a circle 

are biaected by the diagonals, it must be a square. 
(C). If circles be described about the four triangles formed 

by the intersection of four straight lines, sliew that tbese 

circles aU pass through one point. 

{A). Book in. prop. 26. 

{B). If a circle be described about a triangle ABC, and per- 
pendiculars be let fall from the points A, 5, C on the 
opposite sides of the triangle, and be produced to meet 
the circle in 2), IS, F, respectively; shew that the arcs 
EF, FB, BE are bisected in A, B, 0. 

[A). Book III. prop. 31. 

{B), Two equal circles cut one another in A and B; if the 
diameters AG, AD be drawn in the two circles, shew that 
GB, BB arc in the same straight Imc. Also, if the dia- 
meter BA of one centre be produced to meet the other 
in E, shew that £■ is a point in the circle described with 
centre B and radius BD, 

[A). Book III, prop. ^2. 

{B). A point A is taken in a circle such that, if the tangents 
AB, AC h& drawn to an equal circle, and lie produced 
backwards to meet the former circle in D and E, the chord 
DE = BG. Shew that the triangle ABG is equilateral. 

[A). Book III. prop. 36. 

[B). ABGD is a quadrilateral inscribed in a circle, such that 
the sides AB, BO produced, and the sides AD, BG pro- 
duced, meet respectively in two points E, F oi a. concentric 
circle. Shew that EF cannot be parallel to BD unless 
each of the angles ABG, ADC are right angles. 

{C). If two circles cut one another, then the common chord 
produced bisects their common tangent. 
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{A). Book IV. prop. 15. 

[B). Six equal circles pass through one point, so as by their 
mutual intersections to determine the angular points of two 
regular, hexagons. Shew that of the two circles circum- 
scribing these hexagons, one is equal to any one of the 
given circles, and the area of the other is three times the 
area of any one of tliem. 



GEOMETRICAL CONIC SECTIONS. 

[A). The tangent at any point of a parahola makes equal 

angles with the axis and with the line joining the point 

with the focus. 
[B). If the diameter at the point P in a parabola be produced 

to meet the directrix in M, and MS be drawn to the focus 

S, then the perpendicular from P on MS will be a tangent 

at P. 
{G). Draw a pair of tangents to a parabola from a given 

point in the ^rectrix. 
{A). If from the focus {8) of a parabola whose vertex is A, 

ST be drawn perpendicular to the tangent PT, prove that 

AY IS the tangent at the vertex. 
(B). In SP a point A' is taken so that SA' = SA ; shew that 

8A:A'P=AY^ 
{A). Define an eUipsc. 
IB). Supposing no bodies to exist m space but the smi and 

a small plane min-or which moves so as always to be a 

tangent to its path, find the locus of the sun's image. 
{A). The rectangle under the abscissie of tlie axis-major of 

an ellipse is to the square of the semi-ordinate as the 

square of the axis-major to the square of the axis-minor 

{AN.NM: PN^ :: AC : P^- 
(B). Produce NP to meet the auxiliary circle m Q; draw 

PR parallel to QG, meetmg the axis-major in B. Shew 

that Pit = BG. 
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(A). Ill the ellipse OF' + CD' = AC" + B0'\ 
{B). If on AB as diameter a circle be described, and AQ 
drawn to tlie cLTCiimference be equal to any semi-diameter 
of the ellipse, shew that SQ will be equal to the semi- 
diameter conjugate to it. 

{A). Define an hyperbola. 

(B). In a triangle with given base a circle is inscribed 

touchmg the base in a fixed point; prove that the locus 

of the va-tex is an hyperbola. 

{A). The locus of a point whose distances from two given 

points is constant is a circle. 
{B). Given the directi-ix and two points of a conic section, 

shew that the locus of the focus is a circle. 



ALGEBRA. 

(A). Divide 1 - x" hj I - ^. 

[B). Expand (l+x).{l+x'){l + x*){l+x') {l+x") in 

ascending powers of x. 

[A). If a, h, represent the sides of a rectangle, explain in 
what sense tlie area is represented by ah. 

(B). The length of a rectangular field exceeds the breadth 
by one yard, and the area is three acres ; find the length 
of the sides. 



{A). a;" + ^' is always > ixi/. 
[B]. Shew that 

is never < V^ + V^ + V^'- 
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[A). If Y = jj prove that j '■ ia equal to either. 

[B). EUmioato a from the equations 

X _ 2)/ _ 43 
«" + ^' ~ ^~+~f " a'+z' • 

[A). Find the sum of an arithmetic series, 

(.5). m arithmetic series have the same common difference 1, 
their first terms are ], j-, rY--^"""', and the numbers of their 
terms arc J- -1, r[r-l), r' {r - \\. . .t"~' {r - \) . Find the 
Bum of all the aeries, 

[A]. Find the sum of an infinite geometric series, whose 

common ratio is < 1. 
[B). The sides of a square ai-e divided in order in the ratio 
: 1 — »i ; the square formed by joining the points of 
1 is treated in the same manner, and so on. Shew 
that the sum of the areas of all the squares to Infinity ia 

a being a side of the original square. 



2m (1 

[A). Investigate the number of combinations of « things r 

together. 
(5). If „C^r represent the mimbcr, shew that 

„C, + n,fi,._^ + M. 1^ .^C_^ +...= ^^^C,. 

{A). Write down the general term of [1 + x)"". 
(£). If ^^A^ represent the coefficient of x"", shew that 
^A^ + ^A^.^A^ + „,^.^.„.-4, +...= s„^„,+j. 

{A). Prove that the discount on a sum of money is half the 
harmonic mean between the principal and interest. 

(B), The interest on a certain sum of money is £180, and the 
discount on the same sum for the same time and at the 
same rate of interest ia £150 ; find the sum. 
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TEIGONOMETRY. 

[A). Trisect an angle whose cosine is given. 
{B). If be any angle, 

coa — ~- + cos I + cos — ^-i- = 0. 

[A). Express the tangent of an angle of a triangle In terms 

of the sides. 
[B), Prove the formuta, 

B 2c 



- tan -—.tan — 



\-h + c 



[A). Express the cosine of half an angle of a triangle in terms 

of the sides. 
[B). If A', B', C he the angles which tiie sides of a triangle 

subtend at the centre of tlie inscribed circle, then will 
sinjl'.sin5'.sinC = sinjl + sinS + sin (7, 

[A). Find the area of a triangle, (l) in terms of a side and 

the perpendicular upon the opposite angle, (2) in terms of 

two sides and the included angle. 
{B). If {a) be the side of a regular polygon of n sides, and 

if perpendiculars [p) be drawn from any point in the 

polygon to the sides, shew that 

a = -.S{^}.taii-. 

[A). Express the area of a triangle in terras of the sides. 
[B], Required the sides of a triangle whoso area is 24 square 

feet, and sides In the ratio 3:4:5. 
[A). Find the sum of the sines of a series of angles In 

arithmetical progression. 
[B). If 2m lines of length [a) be drawn from a point, so that 

every adjacent two include the same angle, shew that the 

sum of all the triangles of diiferent magnitude which can be 

formed by joining the extremities of the lines is — . cot — . 
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{A). If be the circular measure of an anijio, the lliuitiiig 

value to which —^ approaches when d approaches 0, is 3 . 
[B), If the unit of angular measurement be an angle of GO", 



STATICS. 

(A). Distinguish between a particle and a rigid body. What 
kind of motion is each capable of? 

(B). A particle is attached to a fixed point, (1) by means of 
a stnng, (2) by means of a rigid i-od; what will be the 
conditions of equilibrium in the two cases, when given 
forces act in the direction of the string or rod, and perpen- 
dicular to it ? 

(A). Equilibrium takes place on a straight lever when the 
arms are inversely as the forces. 

(B). Compare the weights of a sphere of given radius, when 
weighed by suspending it from one end of a balance, (1) by 
a sti-ing, (2) by a rod witliout weight which is glued to tlie 
sphere. 

{A). Prove the parallelogram of forces. 

[£). Every point of the rim of a hemispherical bowl repels 
with a force varying as the distance ; shew that a particle 
will rest at any point of the inner surface of the bowl. 

{A). Explain the nature of the reaction of smooth surfaces. 

[B). A tube In the form of a parabola is placed with its axis 
vertical, the curve lying above the tangent at its vertex. 
A heavy particle is placed in the tirbe, and a repulsive force 
acts along the ordinate upon the particle; find the law of 
force in order that it may sustain the particle In any 
position. 
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(-4). Any mimber of forces act in the same plane on a point ; 
find the conditions of equihbrium. 

(B). A particle ia placed on a smootli sqnarc table (whose 
side is a) at distances c„ c,, c„ c„ from the corners, and to 
it are attached strings passing over smooth pulleys at 
the corners and supporting weights P^, P^, P^, P^; shew 
that if there is eqiiilihrium, 

/P. P P, Pa c'-< ^/P, P,\ 



[A). If three forces keep a rigid body at rest, their directions 

are either parallel or meet in a point, 
(B). A square lamina is suspended by two strings of given 

length fastened to a fixed point, and to two given points 

in the sides of the squai-e : find the position in which it will 

hang. 
{ C). A wheel, whose centre of gravity is not in its centre, is 

kept at rest on a perfectly rough inclined plane by a given 

horizontal force applied at the centre : find the amount of 

friction. 

[A). Find the centre of gi'avity of a plane triangle. 

{B). If the sides of the triangle be bisected, and the triangle, 
formed by johiing these points, be removed ; shew that the 
centre of gravity of the remainder will coincide witli that 
of the whole triangle. 

(G). How does it appear from mechanical considerations that 
the Unes joining the angular points of a triangle with the 
bisections of the opposite sides intersect in the same point? 

W 
(A). Find -p m the wheel and axle. 

[B). What weight suspended from the axle can be supported 
by l^lbs. suspended from the wheel, if the radius of the 
axle is l^feet and the radius of the wheel is 3 J feet? 
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W . 

{A). Find -^ in tlie system of pullies where the Siiuie string 

passes round all the pullios. 

(j5). Two weights W^, W^, are attached to two sucli systems, 
having w„ n^ parallel strmgs respectively; find the ratio 
^1 • ^s! (1) ^hen the weights are hung from the lower 
blocks, the same string passing round both systems; (2) 
when hung from the upper block, the lower blocks being 
connected by a string passing under a smooth fixed pulley. 

{A). Find the resultant of two couples acting hi different 
planes. 

[B). Three couples of equal moment {m] tend to make a rigid 
body revolve about three lines drawn from a point, the 
middle one making equal angles (a) with the other two ; 
shew that the moment of the resultant couple is 
»(1 + 2C08«). 



(A). How is velocity measured ? 

(£). If 1" is tlie unit of time, and 1 foot unit of length, 
what will be the numerical expression for the velocity 
of a carriage, one of whose wheels, of 18 inches radius, 
makes two revolutions in a minute? 

{A), What is the connexion between angular and linear 
velocity ? 

(B). A train moves from one station to anotlier along a curve, 
and appears to an observer equidistant fi-om each station 
to move uniformly from one to the other in a given time : 
find the velocity of the train when nearest to the observer. 
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EXAMPLES FOR PRACTICE. lid 

{A) ExjiUm whit IS meant by resolved velocities. 

(5) A man m % train moving at tlie rate of m miles an hour 
throws a stone at the rate of n miles an hour pei'pen- 
diculaily to the direction of the train, so as to hit a post 
r v'wds distant fiora the railway. Shew that his distance 
from the post at tlie mstant of throwing the stone is 

[A). The velocity acquired by a body in falling down a curve 
is that due to the same vertical height. 

(B). A body hegina to move from the highest point of a 
vertical circular tube. Find the velocity when it has fallen 
through a length [s] of the tube. 

(C). AB is the vei-tlcal diameter of a sphere; a chord is 
drawn from A meeting the surface in P, and the tangent 
plane at B in Q; shew that the time down FQ varies as 
BQ, and the velocity acquired varies as BP. 

{A). The velocity at any point of the parabolic patli of a 
projectile is that due to the distance of that point from the 
directrix. 

[B). If V be the velocity at any point P, and v the velocity 
attained by a body falling down SF as an inclined plane ; 
shew that V — v" is constant and =9{latua-rec1um). 

((7). Tlie least velocity which is sufficient to project a body 
over a cube standing on the horizontal plane through the 
point of projection and whose edge is 2a, is that due to the 

height 3a, the angle of projection is cos"' - - , and the point 

of pixijection is at a distance a{'\/o— l) from one of the 
sides of the cube. 
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HYDROSTATICS. 

{A). Given the specific gravities of two fluids, ^ven volumes 
of whieh are mixed : find the specific gravity of the com- 
pound. 

{B). What weight of water must be added to a pound of 
a fluid whose specific gravity is ^, in order that the specific 
gravity of the mixture may he J? 

{A). Shew that the pressure on any horizontal area helow 
the surface of a fluid depends only on its dcptli helow the 
surface, and not at all on tlie form of the vessel in which 
it is contained. 

[B). The same quantity of fluid which will just fill a hollow 
cone, is poured into a cylinder whose base is equal to that 
of the cone : compare the pressures on the bases. 

{A). The surface of a heavy fluid at rest is a horizontal plane. 

(B). If beside gravity a constant accelerating force (/) acted 
in a horizontal direction on every particle of the fluid, what 
would be the form of the surface ? 

{A). How is it shewn that the pressure of air under a con- 
stant temperature varies as the density ? 

{£). A piston fits closely in a cylinder, of which a length a 
helow the piston contams atmospheric air: compare the 
forces sufficient to di'aw out the piston through a distance b, 
with that sufficient to push it iu through the same difitauce. 

[A). Investigate the conditions that a body may float, 

[B). A heavy body floats between two fluids; F], V^ are 
the volumes immersed, -F„ F^ the forces which would 
keep it at rest when entirely immereed in the fii'st and 
second fluid respectively : prove that F^ V^ = F^ V^. 



OPTICS. 
[A). State the law of reflexion, 

[B). Given the position of two small mirrors, find the positio 
of an eve which aces itself by reflection in Ixith niirrors. 
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EXAMPLES FOR PEACTICE. IIS 

(A). Explain what is meant by the critical angle. 

(B). An open cylinder is polished internally and filled with 
water: shew that any ray which enters the water will 
after a number of reflections emerge again at the surface 
of the water. 

{A.) Determine the geometrical focus of a pencil of rays 

which falls on a plane refracting surface. 
{B). Find the depth of a pond which appears to be 6 feet 

deep to a person looking directly down upon it. {/j. — f 

for water.) 

[A). Find the geometrical focus of a pencil of rays after 
direct refraction at a spherical refracting surface. 

(B). itaya are incident parallel to the axis on a glass cylinder 
with hemispherical ends: find the geometrical focus. 

[A). Prove that if/be the focal length of a Icus, 

[B). If the refractive indices from air to glass and water 
be respectively f and |, in what proportion is the focal 
length of a glass lens altered by being used under water ? 

{A). Describe Kamsden's Eye-piece. 

(B). Construct one with glass (fi = |) by which a magnifying 
power of 200 may be obtained with an s^tranomical tele- 
scope whose object-glass is of 6 feet focal-length. 



NEWTON. 
{A). Prove Newton's Fourth Lemma. 

(B). Compare the areas of two ellipses whicli have their 
minor axes equal. 

[A.) In central orbits the velocity varies inversely as the 
perpendicular from the centre of force upon the tangent. 
(Sect, ii., Prop. 1., Cor.) 
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(B). If a body describe an ellipse round a centre of force 
in the focus, sbew that the sum of the reciprocals of the 
squares of the velocities at the extremities of any chord 
passing through the other focus is constant.* 

(A). A body moves in a parabola, find the law of force 

tending to the focus, 
(if). If at any point the direction of its motion were changed 

■without altering its velocity, what curve wo\ild it describe? 

(A). If a body describe the arc FQ of its orbit in T", and 
QR be a subtense parallel to the direction of the force 

at P, the force = 2 limit ^ . 

{B). Find the foree towards the centre requu'ed to make 
a body move in a circle whose radius is 5 feet, with sucli 
a velocity as to complete a revolution in 5 seconds. 

[A). A body under the action of a central force varying 
directly as the distance will describe an ellipse, with the 
centre of force as centre. (Sect, ii., Prop, x., Cor.) 

(C). A body (P) is suspended from a fixed point (A) by 
an elastic string which passes through a smooth ring (B) 
vertically imder .4, ao that the distance AB equals the 
natural length of the string. Assuming that the extension 
of an elastic atiing is proportional to the force which 
stretches it, determine, if P be set in motion, what curve 
it will describe. 

* See Ferrers and Jackson's Solwlions of Sanale- House PmMsms, p. ol. 
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" In order to laeertain kom far the AulJter'a perfomumce cornea 
vp to hit design, ae have paid particulim' attention to those 
places where the learner is most Ukely to stimible vfion acknow- 
Udged difficulties. . . . In all these vie have mttch reaaon 
to admire the happy art of the Author in tnoMng crooked 
things stra4ght, aaid rough places snwoth. The St^ent mast 
be hi^elessly obtuse who does not, infolknoing the gmdance of 
Mr. Ltmd, obtain increasing light and satisfaelion in every step 
of his toay; and such, too, is the strictly scientific as well as 
simple nature of the course pursued, that he mho makes himself 
master of it, will have laid a firm fnatdation for an extensive 
and lofy m^erstructare afmaihemiOieal aci^uirement." 

The Edttcatoh. 

" Admirabif/ planned. , . .very succesifal." — The Wexsbman, 



ood's Klements of Algebra. 
Designed for the use of Students ii 



A Companion to Wood's Algebra 

Confunmg Solutions ol various Questions and Problems in 
Algebra and formmg a Key to the chief difficulties found in 
the CoUtction of Exiropks appended to Wood s Algebra. 
Twelfth Edition 8vo sewed Os 



By HENRY MACKENZIE, B.A., 

Sdiolar of Trinity College, Cambridge. 

" The Beneficial Influence of the Christian Cler0 during the 

first thousand yeiU-H of the Christian Eta," being the Essay 
which obtained the Hnlsean Prize for 1860. /« PfsjwadoH, 
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Macmillan and Co., Cambridge. 

By W. P. WILSON, M.A., 
Fellow of St. Jolm's College, Cambridge, and ProfeBSOt of 
Mathematics in Queen's College, Belfast. 
A Treatise on Dynamics, s^o. bds. sa, 6d. 

By the Eev. Dr. WOOD, 
late Master of St. John's College, Cambridge. 
The Elenientfi of Algebra. 

Designed for the nse of Students in the IJniversity. Thirteenth 
Edition, carefully revised and enlareod, with Notes, additional 
Propositions and Examples. By Thomas Ldnh, B.D. 8vo. 
bds. 12s. 6d. 

By J. WEIGHT, M.A., 
of Trinity College, Cambridge, and Head-Master of Sutton Coltliield 

Grammar School. 
The History of Greece ia Greek, 

From the Invasion of Xerxes to the Pcloponnesian "War r as 
related by Diodorus and Thueydides, with Explanatory Kotes, 
Critical and Historical, for the use of Schools. Freparmg. 

XENOPHON. 
Memorabilia, Book IV. 

Literally translated into English Prose, with a brief Memoir of 
Socrates, and Not«>a. By EowAan Bkike, B.A., Scholar of 
Queens' College, Cambridge. 12mo. sewed, 23. 6d. 



The Elements of the Gospel Harmony ; 

With a Catena on INSPIE.ATION, from the Writing of the 
Ante-Nicene Fathers. Crown 8vo. cloth, Gs. 6d. 

" The produclim of a s<""'g Theologian qf great promise." 

" The most remarltable foid original part ef the wark U a long and 
most carefully executed exposilioi! of the Ante-Sicene Doctrine 
of Inspiration, drawn directly from tlie airitings of the Fathers 
ikesiielves! and a very inleresliag account rf some ef the heretical 
Goipeli and the little-knonm Clementines."— IjtE Guardian, 

" The Aiahar argues very ally for theplenary iTtapiration of the 

Goipels ^ largo anwnmi oflewaing is brought to bear 

on the sv^'fi't "— EttoLisH Eeview 

" Admirably coitceioed, an ranged and expressed." 

Fkee Cn-UECH Magazine, 

The Elements of Apostolic Harmony ; 

An attimpt to dttermine the separate purposes and mutual 
relitiona of the Cmonical Epistles Preparing. 
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